DEFORMATIONS OF ASYMPTOTICALLY CYLINDRICAL G 2 -MANIFOLDS 



JOHANNES NORDSTROM 

Abstract. We prove that for a 7-dimensional manifold M with cylindrical ends the moduli 
space of exponentially asymptotically cylindrical torsion-free G2-structures is a smooth manifold 
(if non-empty), and study some of its local properties. We also show that the holonomy of the 
induced metric of an exponentially asymptotically cylindrical G2-manifold is exactly G2 if and 
only if the fundamental group m(M) is finite and neither M nor any double cover of M is 
homeomorphic to a cylinder. 



1. Introduction 

The holonomy group G 2 appears as an exceptional case in Berger's classification of the Rie- 
mannian holonomy groups [2J . A metric with holonomy contained in G2 can be defined in terms of 
a parallel non-degenerate differential 3-form, often called a torsion-free G2-structure. A manifold 
M has cylindrical ends if a complement of a compact subset of M is identified with X x R + , 
for some compact manifold X called the cross-section of M. An important class of metrics on 
such manifolds arc the exponentially asymptotically cylindrical (EAC) ones, i.e. metrics which are 
exponentially asymptotic to a product metric on the cylindrical part. An EAC G2-manifold is a 
7-dimensional EAC manifold M with holonomy contained in G2, and its metric is defined by a 
torsion-free EAC G2-structure. Section 2 covers this background in more detail. 

On an EAC G2-manifold M 7 the group of EAC diffeomorphisms isotopic to the identity acts 
on the space of torsion-free EAC G2-structures by pull-backs. We define the moduli space of 
torsion- free EAC G2-structures to be the resulting quotient Ai + . The precise definition involves a 
normalisation, which can also be interpreted as dividing by the rescaling action of R + (see remark 
13. ip . The main result of the paper is theorem 13.21 which states that on an EAC G2-manifold M 7 
the moduli space A4 + is a smooth manifold. The proof of theorem 13.21 is a generalisation of an 
argument for the compact case outlined by Hitchin in [IT] . If X 6 is the cross-section of M then 
the dimension of the moduli space is given by the formula 

dimX + = b 4 (M) + ±b 3 (X) - b\M) - 1. 

The cross-section X of a manifold M with cylindrical ends can be regarded as the 'boundary at 
infinity' of M, in the sense that M can be identified with the interior of a compact manifold with 
boundary X. The asymptotic limit of an EAC torsion- free G2-structure on M induces a Calabi- 
Yau structure on X, and the proof of theorem 13.21 requires understanding of the deformations 
of this structure on the boundary. Theorem 13.31 states that the moduli space Af of Calabi-Yau 
structures on a compact connected oriented manifold X 6 is a smooth manifold of dimension 
b 3 (X) + b 2 (X) — 6 1 (A) — 1. This is a special case of a more general result due to Tian [26] and 
Todorov [27] . The argument given here is based on an elementary application of the implicit 
function theorem, and is helpful for proving theorem 13.21 

There is natural 'boundary map' B : A4 + — > Af which sends a class of torsion-free G2-structures 
on M to the class of Calabi-Yau structures that their asymptotic limit defines on X. Theorem 13. 61 
states that this map is a submersion onto its image, which is a submanifold of Af, and an open 
subset of a subspace AT a determined by the topology of the pair (M, X). 

The final result of the paper is a topological criterion for when the holonomy of the metric 
associated to a torsion-free EAC G2-structure is exactly G2, rather than a subgroup. Theorem 13. 81 



2000 Mathematics Subject Classification. 53C25. 



2 



JOHANNES NORDSTROM 



states that Hol(M) = Gi for an EAC G2-manifold M if and only if the fundamental group it\{M) 
is finite and neither M nor any double cover of M is homeomorphic to a cylinder. 

Precise statements for all the main results are given in section [3] Section U] provides the needed 
deformation theory for compact Calabi-Yau 3-folds, extending a construction of the moduli space 
of torsion- free SX(C 3 )-structures by Hitchin in [TT]. In section [5] we review Hodge theory for EAC 
manifolds, which is an important tool in the proofs of the main results. The main theorem 13.21 is 
proved in section 6 along with results about the local properties of the moduli space, and theorem 
13.81 is proved in section 7. 

It is complicated to produce examples of G2-manifolds with holonomy exactly Gi. The first 
compact examples were constructed by Joyce in [TJ]. Also, in [2] Kovalev constructs non-trivial 
EAC G2-manifolds (with holonomy SU(3)), and uses them in a gluing construction to produce 
compact manifolds with holonomy exactly G2. A future paper |16j will show how to construct 
EAC manifolds with holonomy exactly G2, adapting the methods of [T^] to the EAC context. 

2. Background material 

In this section we review definitions and notation for Ricmannian holonomy, G2-structures on 
7-manifolds, Calabi-Yau structures on 6-manifolds, and manifolds with cylindrical ends. 

2.1. Holonomy. We define the holonomy group of a Riemannian manifold. For a fuller discussion 
of holonomy see e.g. Joyce [13l Chapter 2] . 

Definition 2.1. Let M n be a manifold with a Riemannian metric g. If x £ M and 7 is a closed 
piecewise G 1 loop in M based at x then the parallel transport around 7 (with respect to the Levi- 
Civita connection of the metric) defines an orthogonal linear map P 7 : T X M — > T X M . The holonomy 
group Hol{g,x) C 0{T x M) at x is the group generated by {P 7 : 7 is a closed loop based at x}. 

If x, y £ M and r is a path from x to y we can define a group isomorphism Hol(g, x) — > Hol(g, y) 
by P 7 1 ► Pf o o P" 1 . Provided that M is connected we can therefore identify Hol(g, x) with 
a subgroup of 0(n), independently of x up to conjugacy, and talk simply of the holonomy group 
of 5. 

There is a correspondence between tensors fixed by the holonomy group and parallel tensor 
fields on the manifold. 

Proposition 2.2 Q131 Proposition 2.5.2]). Let M n be a manifold with Riemannian metric g, 
x £ M and E a vector bundle on M associated to TM. If s is a parallel section of E then s{x) is 
fixed by Hol(g,x). Conversely if sq £ E x is fixed by Hol(g,x) then there is a parallel section s of 
E such that s(x) = sq. 

2.2. G2-structures. An effective approach to G2-structures is to define them in terms of stable 
3-forms. Here we outline the properties of G2-structures, and explain their relation to metrics with 
holonomy G2. For a more complete explanation see e.g. [THl Chapter 10]. 

Recall that G2 can be defined as the automorphism group of the normed algebra of octonions. 
Equivalently, G2 is the stabiliser in GL(MJ) of 

p„ = dx 123 + dx 145 + dx 167 + dx 2i6 - dx 257 ~ dx 3i7 - dx 356 e A 3 (M 7 )*. (2.1) 

If V is a dimension 7 real vector space and tp £ A 3 ^* then we call ip stable if it is equivalent to 
ipo under some isomorphism V = M 7 . We denote the set of stable 3-forms by A^F*. Since the 
action of GL{V) on A 3 V* has stabiliser G2 at a stable form ip, and dimG2 = 14, it follows by 
dimension-counting that A^_V* is open in A 3 V*. Since G 2 C 50(7) each <p £ A 3 + V* naturally 
defines an inner product g v and an orientation. 

Definition 2.3. Let M 7 be an oriented manifold. A G2- structure on M is a section <p of A\T*M 
which defines the given orientation on M. 

Since a G2-structure tp on M induces a Riemannian metric g v it also defines a Levi-Civita 
connection V v , a Hodge star * v and a codifferential d* . 
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Definition 2.4. A G2-structure cp on an oriented manifold M 7 is torsion-free if V^ip = 0. A G2- 
manifold is an oriented manifold M equipped with a torsion-free G2-structure ip and the associ- 
ated Riemannian metric g v . 

Gray observed that a G2-structure is torsion-free if and only if it is closed and coclosed. 

Theorem 2.5 f |24l Lemma 11.5]). A G2-structure ip on M 7 is torsion-free if and only if dip = 
and d^,ip = 0. 

As an immediate application of proposition 12.21 we have that metrics with holonomy contained 
in G2 correspond to torsion-free G2-structures. 

Corollary 2.6. Let M 7 be a manifold with Riemannian metric g. Then Hol(g) is a subgroup of 
G2 C 0(7) if and only if there is a torsion-free G2~structure <p on M such that g — g v . 

The condition that Hol(g) C G2 imposes algebraic constraints on the curvature of g. In partic- 
ular 

Theorem 2.7 ( |24[ Proposition 11.8]). The metric of a torsion-free G2-structure <p is Ricci-flat. 

The deformation problem for torsion-free G2-structures on a compact oriented manifold A/ 7 
was solved by Joyce in [12]. Let X be the space of smooth torsion-free G2-structures on M, and 
T> the group of diffeomorphisms of M isotopic to the identity. T> acts on X by pull-backs, and 
the moduli space of torsion-free G2-structures on M is the space of orbits M. = X/T>. Elements 
of X are closed 3-forms, so define cohomology classes. This gives a well-defined map to de Rham 
cohomology ttjj : A4 —* H 3 (M). Joyce proved that 

Theorem 2.8 ([13, Theorem 10.4.4]). Let M 7 be a compact G2-manifold. Then M. is a smooth 
manifold of dimension b 3 (M), and ttjj ■ M — > H (M) is a local diffeomorphism. 

The main result of this paper generalises theorem 12.81 to the case when M is an EAC G2- 
manifold. 

2.3. Calabi-Yau 3-folds. One common definition of a Calabi-Yau manifold is that it is a Rie- 
mannian manifold X 2n with holonomy contained in SU (n) . The stabiliser in G2 of a vector in R 7 
is isomorphic to SU(3), and Calabi-Yau 3-folds will appear naturally as the cross-sections of EAC 
G2-manifolds. 

For our purposes it is convenient to define a Calabi- Yau structure on a 6-dimensional manifold 
X in terms of a pair of closed differential forms (Q, lo). This will make the relation to G2-structures 
clear. The role of the 'stable' 3-form O is discussed by Hitchin in [11]. Let 

n = dx 135 ~ dx 146 - dx 236 - dx 245 e A 3 (R 6 )*, (2.2a) 

uj = dx 12 + dx 34 + dx 5e e A 2 (R 6 )*. (2.2b) 

For an oriented real vector space V of dimension 6 let A^_F* be the set of 17 £ A 3 T^* such that 
is equivalent to Slo under some linear isomorphism V = R 6 . We call such stable. If we identify 
R 6 with C 3 by taking z 1 = x 1 + ix 2 , z 2 — x 3 + ix 4 , z 3 = x 5 + ix 6 then 

O = re dz 1 A dz 2 A dz 3 , 

ujq = \ {dz x A dz 1 + dz 2 A dz 2 + dz 3 A dz 3 ). 

The stabiliser of FIq in GL+(R 6 ) is 5T(C 3 ). Therefore each f2 S A 3 ^ V* defines a complex structure 
J on V, and there is a unique Cl 6 A 3 ^ V* such that tt + ifl is & (3, 0)-form. We say that fl defines 
an S'L(C 3 )-structure on V. (Reversing the orientation of V changes the sign of both J and Cl.) By 
dimension-counting A 3 ^* is an open subset of A 3 T^*. 

Similarly the stabiliser in GL(R 6 ) of the pair (Oq,u>o) is SU(3), so we can define an SU(3)- 
structure on V to be a pair (fi,w) £ A 3 V* x A 2 V* which is equivalent to (f^^o) under some 
oriented linear isomorphism V = R 6 . An 5t/(3)-structure naturally defines a complex structure J 
as above, and also an inner product g(-, •) = lu(-, J-). With respect to the Hodge star defined by 
this metric Cl = *0. 
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Definition 2.9. An 5/7(3)- structure on an oriented manifold X 6 is a pair of forms (CI, u>) G 
Cl 3 (X) x Cl 2 (X) which defines an 5/7(3)-structure on each tangent space. 

(CI, lu) is said to be a Calabi- Yau structure if VJ7 = 0, Vw = with respect to the metric induced 
by (CI, uS). X equipped with the structure (CI,lu) and the associated Riemannian metric is called a 
Calabi-Yau 3- fold. 

If X is a Calabi-Yau 3- fold in this sense then by proposition 12.21 the holonomy of the induced 
metric is contained in 5/7(3), and conversely any metric with holonomy contained in 5/7(3) is 
induced by some Calabi-Yau structure. The almost complex structure J defined by a Calabi- 
Yau structure is integrable, and the metric is Kahler. Moreover CI + iCl is a global holomorphic 
(3, 0)-form, and the metric is Ricci-flat. 

Calabi-Yau structures on X 6 arc equivalent to torsion-free cylindrical G2-structures onXxl 
in the following sense. 

Definition 2.10. Let X 6 a compact oriented manifold, and denote by t the R-coordinate on the 
cylinder X x R. A G2-structure ip on X x R is cylindrical if it is translation-invariant and the 
associated metric is a product metric g v = gx + dt 2 , for some metric gx on X . 

Comparing the point-wise models (|2.ip and (|2.2p it is easy to see that (CI,lu) is an 5/7(3)- 
structure on X with metric gx if and only if the translation- invariant G2-structure p = Cl + dt Alu 
on X x R defines the product metric gx + dt 2 . Hol(gx +dt 2 ) C G2 if and only if Hol(gx) C 5/7(3), 
so 

Proposition 2.11. (CI,lu) is a Calabi-Yau structure on X 6 if and only ifCl+dtAuj is a torsion-free 
cylindrical G2- structure on X x R. 

Remark 2.12. If ip = Cl + dt A lu is a cylindrical G2-structure then 

* <fi <p = \uj 2 - dt ACl. 

2.4. Manifolds with cylindrical ends. We define manifolds with cylindrical ends and their 
long exact sequence for cohomology relative to the boundary. We also define exponentially asymp- 
totically cylindrical (EAC) metrics and G2 -structures. 

Definition 2.13. A manifold M is said to have cylindrical ends if M is written as union of two 
pieces Mq and with common boundary X, where Mq is compact, and is identified with 
X x R + by a diffeomorphism (identifying dM^ with X x {0}). X is called the cross-section of M. 

A cylindrical coordinate on M is a smooth function t : M — > R which is equal to the R + - 
coordinate on and is negative in the interior of Mq . 

The interior of any compact manifold with boundary can be considered as a manifold with 
cylindrical ends by the collar neighbourhood theorem. Conversely if M has cylindrical ends then 
we can compactify M by including it in M = Mo U (X x [0, 00]), i.e. by 'adding a copy of X 
at infinity'. The cohomology of M relative to its boundary can be identified with H* pt (M), the 
cohomology of the complex Cl* pt (M) of compactly supported forms. The long exact sequence for 
relative cohomology of M can be written as 

► H m -\X) H™ t (M) H m (M) -£4 H m (X) — > ■ • • (2.4) 

e : H™ t (M) -> H m (M) is induced by the inclusion Cl* cpt (M) Cl*(M). The image of e is the 
subspace of cohomology classes with compact representatives. 

Definition 2.14. Let HJ?(M) = im (e : H™ t (M) -> H m (M)). 

Cylindrical ends allow us to define a notion of asymptotic translation-invariance. 

Definition 2.15. A tensor field on X x R is called translation- invariant if it is invariant under 
the obvious R-action on X x R. 

Definition 2.16. Let M be a manifold with cylindrical ends. Call a smooth function p : M — > R 
a cut-off function for the cylinder if it is on the compact piece Mq and 1 outside a compact 
subset of M. 
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If Soo is a section of a vector bundle associated to the tangent bundle on the cylinder X x M 
and p is a cut-off function for the cylinder on M then psoo can be considered to be a section of 
the corresponding vector bundle over M. 

Definition 2.17. Let M be a manifold with cylindrical ends and cross-section X . Pick an arbitrary 
product metric gx +dt 2 onlxl, and a cut-off function p for the cylinder. A section s of a vector 
bundle associated to TM is said to be decaying if ||V fe s|| — > uniformly on X as t — > oo for all 
k > 0. s is said to be asymptotic to a translation-invariant section Soo of the corresponding bundle 
on X x M if s — psoo decays. 

Similarly s is said to be exponentially decaying with rate S > if e A *||V fc s|| is bounded on 
for all k > 0, and exponentially asymptotic to a translation-invariant section s,^ if s — ps,^ decays 
exponentially. Denote by (JS) the space of sections of E which decay exponentially with rate 5. 

The natural choice of topology on C s yD (E) is to require the linear isomorphism Cg°(E) — > 
C co (E), s i ► e 5 *s to be a homeomorphism. 

Definition 2.18. A metric g on a manifold M with cylindrical ends is said to be EAC if it is 
exponentially asymptotic to a product metric gx +dt 2 on X x M + . An EAC manifold is a manifold 
with cylindrical ends equipped with an EAC metric. 

Definition 2.19. Let M be a manifold with cylindrical ends and cross-section X. A diffeomor- 
phism of the cylinder X x K is said to be cylindrical if it is of the form 

Voc(x,t) = (E(x),t + h), 

where S is a diffeomorphism of X and ft, G K. A diffeomorphism \P of M is said to be £^4C with 
rate 5 > if there is a cylindrical diffeomorphism "I^ of X x M, a real T > and an exponentially 
decaying vector field V on M such that on A x (T, oo) 

# = (cxpy) o ^ 

Definition 2.20. Let M 7 be a connected oriented manifold with cylindrical ends and cross-section 
X 6 . A G2-structure <p on M is said to be EAC if it is exponentially asymptotic to a cylindrical 
G2-structure onlxl (cf. definition I2.10[) . M equipped with a torsion-free EAC G2-structure 
and the associated metric is called an EAC Gi-manijold. 

If ip is a torsion-free EAC G2-structure then note that the associated metric g v is EAC, and that 
by proposition 12 . 1 II the asymptotic limit defines a Calabi-Yau structure on the cross-section X. 

The next theorem implies that an EAC G2-manifold is not interesting unless it has a single 
end. The theorem can be proved using the Cheeger-Gromoll splitting theorem, and is also proved 
using more elementary methods by Salur |25j . 

Theorem 2.21. Let M be an orientable connected asymptotically cylindrical Ricci-flat manifold. 
Then either M has a single end, i.e. its cross-section X is connected, or M is a cylinder X X K. 
with a product metric. 

3. Statement of results 

Let M 7 be a connected oriented manifold with cylindrical ends and cross-section X 6 . For 
5 > let X$ be the space of smooth torsion-free exponentially asymptotically cylindrical (EAC) 
G2-structures with rate S on M (see definition I2.20p . Xg has the topology of a subspace of the 
space of smooth exponentially asymptotically translation-invariant 3-forms. 

Let X + — 1J 5>0 Xs. If Si > 62 > then the inclusion Xg 1 <^-» X$ 2 is continuous, so we can give 
X + the direct limit topology, i.e. U C X + is open if and only if U f) X$ is open in Xs for all 5 > 0. 
Similarly let T> + be the group of EAC diffeomorphisms of M with any positive rate (in the sense 
of definition 12. 19f> that are isotopic to the identity. T> + acts on X + by pull-backs, and the moduli 
space of torsion-free EAC G2-structures on M is the quotient Ai + = X + /T> + . 

Remark 3.1. The definition of an EAC G2-structure ip that is used involves a normalisation - if 
t is the cylindrical coordinate on M then \\^\\ — * 1 uniformly on X as t — > oo (in the metric 
defined by ip), so a scalar multiple Xip is not an EAC G2-structure. This normalisation is the most 
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convenient to work with, but a different choice of normalisation (e.g. that Vol(X) = 1 in the 
induced metric on the boundary) would of course give the same results. Another interpretation is 
that R + acts on the moduli space of unnormalised EAC G2-structures by rescaling, and that M. + 
is the resulting quotient. 

In the compact case theorem 12.81 gives a description of the moduli space of torsion-free Gi- 
structures using the natural projection map to the de Rham cohomology. In the EAC case, however, 
it is not enough to consider 

n H :M + ^H 3 (M), V V + » [ip]. 

We also need to consider the boundary values of <p to get an adequate description. Any <p £ X + is 
asymptotic to some Q + dt A uj with (Cl,w) & Q 3 (X) x Q 2 (X). Let 

ir M : M+ -» H 3 (M) x H 2 (X), <pl> + ~ {[<p],[w])- ( 3J ) 
The main theorem we shall prove is 

Theorem 3.2. M + is a smooth manifold, and ttm '■ M.+ — ► H 3 (M) x H 2 (X) is an immersion. 

In order to prove theorem 13. 21 we will need to understand the deformations of the 'boundary' of 
an EAC G2-manifold, i.e. the deformations of torsion-free cylindrical Gi -structures. By proposition 
12.111 this corresponds to deformations of Calabi-Yau structures. Let y be the set of Calabi-Yau 
structures (O, u>) on X, and T>x the group of diffeomorphisms of X isotopic to the identity. The 
moduli space of Calabi-Yau structures on X is M = y/T>x, and there is a natural projection to 
the de Rham cohomology 

-km ■ M~^H 3 {X) x H 2 (X), (n,w)D x ^([n],[w]). (3.2) 

Theorem 3.3. Let X 6 be a compact connected Calabi-Yau 3-fold. The moduli space J\T of Calabi- 
Yau structures on X is a manifold, 

dimN = b 3 {X) + b 2 {X)-b 1 {X)-l, (3.3) 

and 7T7V" : M — > H 3 (X) x H 2 (X) is an immersion. 

Remark 3.4. The definition of a Calabi-Yau 3-fold X 6 used here allows Hol(X) to be a proper 
subgroup of SU(3). If Hol(X) is exactly SU(3) (so X is irreducible as a Ricmannian manifold) 
then b l (X) = 0, and the formula for the dimension simplifies to b 3 (X) + b 2 (X) — 1. 

If X is an irreducible Calabi-Yau manifold then for any Calabi-Yau structure (CI, u>) on X and 
A G R + we can define a torsion- free product G2-structure ip = fl+ Xd9 AwonlxS 1 . The metric 
defined by ip is the product of the Calabi-Yau metric on X and the metric on S 1 with radius A 
(cf. proposition ^. lip . The moduli space of such torsion- free product G2-structures has dimension 

dimAf + 1 = b 3 (X) + b 2 {X) = b 3 (X x S 1 ), 

which equals the dimension of the moduli space of torsion-free G2-structures onlxS 1 by theorem 
1231 

Theorem 13.31 is actually a special case of a known result. The deformation theory for complex 
manifolds was developed by Kodaira and Spencer. Tian [26j and Todorov |27j showed indepen- 
dently that on a compact connected Calabi-Yau manifold X 2n with holonomy exactly SU(n) the 
deformations of the complex structure are 'unobstructed'. This implies that the moduli space of 
complex structures on AT is a manifold of dimension 2h 1 ' n ~ 1 (X) (h p,q (X) denote the Hodge num- 
bers of X, i.e. the dimension of the Dolbcault cohomology H p ' q (X)). It is easy to deduce from this 
and Yau's solution of the Calabi conjecture that the moduli space of Calabi-Yau structures 
on a complex n-fold (in the sense of an integrable complex structure with a Kahler metric and a 
holomorphic (n,0)-form of norm 1) is a manifold of dimension 

2h^ n ~\X) + h^\X) + h n '°(X) (3.4) 

(cf. O Section 6.8]). By O Proposition 6.2.6] h m >°(X) = for < m< n and h n >°(X) = 1 
when X 2n is compact connected and Hol(X) = SU(n), so if n = 3 then b 3 (X) = 2h 1 > 2 (X) + 2 
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and b 2 (X) = h 1 ' (X). Thus the expression (13.41) for the dimension of the moduli space can be 
rewritten as b 3 (X) + b 2 (X) — 1 when n — 3, which agrees with the formula stated in theorem 13.31 

We will give a different proof of theorem 13.31 in section [U We produce pre- moduli spaces by an 
elementary application of the implicit function theorem, extending arguments of Hitchin in 
These pre- moduli spaces are also used in the proof of theorem 13.21 

In subsection 16.81 we look at some local properties of M. + . Its dimension is given by 

Proposition 3.5. dimX + = b 4 (M) + \b 3 {X) - b^M) - 1. 

We also study the properties of the boundary map on vVf + , i.e. the map B : Ai + — > TV which 
sends a G2-structure on M to the Calabi-Yau structure on X defined by its asymptotic limit. 
Denote by A m C H m (X) the image of the pull-back map j* : H m (M) -> H rn (X) in the long 
exact sequence for relative cohomology (j2.4[) . If ip is asymptotic to fl + dt A uj then 

[fi]=j*([d)e A 3 , 
|[, 2 ],f(M)G4 4 , 

so the image of B : M. + — > M is contained in 

Af A = {{Q.,w)V x G AA: [ft] G A 3 ,[uj 2 } G A 4 }. (3.5) 

It turns out that - locally at least - these necessary conditions for a point to be in the image are 
also sufficient. 

Theorem 3.6. The image of 

B:M + ^N A (3.6) 
is open in Ma o,nd a submanifold of M. The map is a submersion onto its image. 

Since the methods used are entirely local they do not tell us anything about the global properties 
of A4 + or the image of (|3.6p . 

We will show that the fibres of the submersion (|3.6|) are locally diffeomorphic to the compactly 
supported subspace Hq(M) C H 3 (M). The fibre over (Q,u>) corresponds to the moduli space of 
torsion- free G2-structures asymptotic to fl + dt A uj. Thus 

Corollary 3.7. The moduli space of torsion-free Gi-structures on M exponentially asymptotic to 
a fixed cylindrical G2 -structure on X x K is a manifold locally diffeomorphic to Hq (M) . 

In the proof of proposition 13 . 51 we find that dimH 3 (M) — b 3 (M) — ^b 3 (X), so 
dimTV^ = b 4 (M) - b 3 (M) + b 3 {X) - b x (M) - 1. 

Theorem 12.211 implies that if M is a G2-nianifold then either M is a cylinder Ixl (with a 
product metric) or M has a single end. If M is a cylinder Ixl then the only possible torsion-free 
G2-structure asymptotic to a given cylindrical G2-structure (p^ is ipoo itself, so the moduli space 
of asymptotically cylindrical torsion-free G2-structures on M is equivalent to the moduli space of 
Calabi-Yau structures on X (we can compute that H™(X xl) = for all m, so this agrees with 
corollary 13. 7|) . The moduli space will therefore only be interesting when M has a single end. We 
will not need to assume this in the proof of theorem 13.21 though. 

Finally, in section [7] we find a topological condition for when the holonomy group of an EAC 
G2-manifold is exactly G2, as opposed to a proper subgroup. For compact G2-manifolds it is well- 
known that the holonomy is exactly G2 if and only if the fundamental group is finite. In the EAC 
case we need to take into account that a product cylinder X e x K may have finite fundamental 
group, but cannot have holonomy G%. The correct statement is 

Theorem 3.8. Let M 7 be an EAC G2-manifold. Then Hol(M) = G2 if and only if the funda- 
mental group TTi(M) is finite and neither M nor any double cover of M is homeomorphic to a 
cylinder. 
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4. Deformations of compact Calabi-Yau 3-folds 

In [TT] Hitchin uses elementary methods to construct the moduli space of torsion-free 5X(C 3 )- 
structures on a compact manifold X 6 . In a sense this provides 'half the deformation theory 
for compact Calabi-Yau 3-folds. In this section we show how to extend Hitchin's arguments to 
construct pre- moduli spaces of Calabi-Yau structures, which we require for the proof of the main 
theorem 13.21 This also gives an elementary proof of theorem 13. 3[ stating that the moduli space of 
Calabi-Yau structures on X is a manifold. 

4.1. Harmonic forms and holonomy. We first review how a holonomy constraint on a Rie- 
mannian manifold gives rise to decompositions of harmonic forms, similar to the Hodge decompo- 
sition on a Kahler manifold. This is explained in more detail in [T31 Section 3.5]. 

Let H be a closed subgroup of SO(n), and M n an oriented Riemannian manifold with Hol(M) C 
H, equipped with a corresponding ii-structure. Suppose that A m R ra decomposes as an orthogonal 
direct sum of subrepresentations A m R" = 0A™1" under the action of H (we will indicate 
the rank of the subrepresentations by the index d). Then there is a corresponding H- invariant 
decomposition of the exterior product bundle 

A m T*M = A™T*M. (4.1) 

We write f2™(M) for the space sections of A™T*M, the 'forms of type d'. We define projections 
ir d : A m T*M -> A™T*M. These induce maps Tr d : fl m (M) -> ft^(M) on the sections, and allow 
us to decompose forms into type components. As observed by Chcrn in [6 , the condition that 
Hol(M) C H ensures that the Hodge Laplacian respects these type decompositions. 

Proposition 4.1 ( |T3l Theorem 3.5.3]). Let M n be a Riemannian manifold with Hol(M) C H. If 
A™T*M is an H -invariant subbundle of K m T* M then A commutes with ird on Q m (M), and maps 
0%{M) to itself Moreover, ifk k T*M is an H-mvariant subbundle ofk k T*M and : A%T*M 
AgT*M is H -equivariant then the diagram below commutes. 

ny(M) -t* n k e (M) 

A A 



ny(M) -2U n k e (M) 

It follows that given an if -invariant decomposition (|4.1[) of A m T*M into subbundles there is a 
corresponding decomposition of the harmonic forms 

If M is compact then by Hodge theory the natural map H rn — ► H m (M) is an isomorphism. If we 
let H™(M) be the image of TCT then we obtain a decomposition of the de Rham cohomology 

H m (M)=($H?(M). (4.2) 

In this section we consider a Calabi-Yau 3- fold X 6 . The standard representation of SU(3) on 
R 6 is irreducible, and A m R 6 decomposes as 

A 2 R 6 = A^R 6 © A^R 6 © A^R 6 , 

A 3 R 6 = A? el R 6 © A|R 6 © A? 2 R 6 , 

A 4 R 6 = A?R 6 © AgR 6 © A^R 6 . 

Each of the subrepresentations A™R 6 is irreducible, but A 3 ffil R 6 is trivial of rank 2. The corre- 
sponding decompositions of the exterior cotangent bundles of X are related to the Hodge decom- 
position, e.g. A^T*Y © A§T*Y is the bundle of real (1, l)-forms, while K\T*X consists of the real 
and imaginary parts of forms of type (2,0). 
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4.2. Pre-moduli space of Calabi-Yau structures. Let X 6 a compact connected oriented man- 
ifold. Recall that in subsection 12.31 we denned a Calabi-Yau structure on X in terms of a pair of 
forms (SI, d;) £ S7 3 (X) x S7 2 (X). As defined in section [3] the moduli space of Calabi-Yau structures 
on X is N = y/T>x, where y is the set of Calabi-Yau structures (SI, a;) on X 6 , and T>x is the 
group of diffeomorphisms of X isotopic to the identity. To prove theorem 13.31 we find pre-moduli 
spaces of Calabi-Yau structures, i.e. manifolds Q C y that are homeomorphic to open sets in AT, 
and can therefore be used as charts. 

On 6-dimensional manifolds we have the following convenient characterisation of Calabi-Yau 
structures (cf. Hitchin [TUl Section 2]) 

Lemma 4.2. Let X 6 an oriented manifold, and (S7, ui) G SI 3 (A) x S7 2 (A). Suppose that fl is stable, 
so that it defines an almost complex structure J and a Z-form S7. Then the following conditions 
are sufficient to ensure that (S7, uj) is a Calabi- Yau structure: 

(i) ^ A ft = \uj 3 

(ii) SI A uj = 

(iii) <?(•, •) = uj(-, J-) is positive- definite 

(iv) dfl = dCl = 

(v) duj = 

Recall that S7 is the unique 3-form such that il + iCt has type (3, 0) with respect to the complex 
structure defined by SI. S7 depends smoothly on the stable form S7. The derivative of S7 i— » S7 A S7 
must be proportional to • A Ct since it is S'L r (3)-equivariant. The proportionality constant is 2 as 
ft is homogeneous of degree 1 in S7 (cf. [TTJ page 10]). 

Now consider a fixed Calabi-Yau structure (O, oj). Any tangent (er, r) to a path of SU(3)- 



structures through (S7,c<j) must satisfy the linearisation of the point-wise algebraic conditions (i) 



and (ii) in lemma 14721 i.e 



Li(<t,t) = a AQ-t Auj 2 = 0, (4.3a) 

L 2 {<j,t) = a Aw + Sl At = 0. (4.3b) 

Definition 4.3. Let 

n SU = {(cr, t)eH 3 xH 2 : Lx((T, r) = L 2 (a, r) = 0}. 

The natural map ir^f ■ Hsu — * -ff 3 (Y) x H 2 (X), (cr, r) i— > ([<r], [t]) is injective by Hodge theory 
for compact manifolds. Proposition 14. II implies that L\ : H 3 x H 2 — * and L 2 H 3 x H 2 ^ H 5 
are surjective, so 

dimWsy = & 3 (Y) + 6 2 (Y) - ^(X) - 1. (4.4) 
Theorem 13 . 31 will follow from the existence of a pre-moduli space near each (S7,w) with tangent 
space Hsu- 

Proposition 4.4. For any (S7,o;) G ^ t/iere is a manifold Q C y near (S7,w) swc/i t/iat the natural 
map Q — > A/" is a homeomorphism onto an open subset. The tangent space of Q at (S7, uj) is Hsu- 

We find Q with the desired properties using a slice construction. Pick some k > 1, a G (0, 1) and 
let Z| x Z 2 be the space of pairs of closed Holder C k,a 3- and 2-forms. y > Z| x Z| continuously. 
We find a direct complement AT in Z 3 x Z| to the tangent space of the T>x-oibit at (S7,w), and 
use a small neighbourhood S of (S7, uj) in the affine space (S7, w) + A as a s/ice for the Djf -action. 

Let Q C 5 be the subspace of elements which define Calabi-Yau structures. Subsection 14.31 
summarises Hitchin's construction of the moduli space of torsion-free 5X(C 3 )-structures (stable 



forms SI satisfying condition (iv) in lemma l4~2j) . In subsection 14.41 we extend those arguments in 
order to prove that Q C <S is a submanifold by an application of the implicit function theorem. 

By elliptic regularity the elements of Q are smooth, and slice arguments show that Q is home- 
omorphic to a neighbourhood of (S7, u)T>x in AT. Such arguments will be explained in detail in 
the more complicated EAC case (cf. propositions 16.211 and I6.23P . Thus Q satisfies the conditions 
of proposition 14.41 
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We will use the deformation theory of Calabi-Yau structures in the proof of the main theorem 
13.21 on the moduli space of torsion-free EAC G2-structures. We will also require the following 
property of the pre- moduli spaces of Calabi-Yau structures. 

Proposition 4.5. Let Q be the pre-moduli space of Calabi-Yau structures near (Q, uS). If Q is 
taken sufficiently small then all elements of Q have the same stabiliser in T>x ■ 

Proof. Let I C T>x be the stabiliser of (12, lv). T is contained in the isometry group of a Riemannian 
metric, so it is a compact Lie group. By shrinking Q we may assume that it is mapped to itself 
by X. Since ttj\[ : Q — > H 3 (X) x H 2 (X) is injective and T> x -invariant I acts trivially on Q. 

Conversely, it follows from [7J Theorem 7.1(2)] that if <j> G T>x hxes an element of Q sufficiently 
close to (Q,,u>) then <p el. □ 

4.3. Torsion-free S'L(C 3 )-structures. Recall from page |3] that an S'L(C 3 )-structure on an ori- 
ented dimension 6 vector space V is defined by a stable 3-form 17 E A+V* . 

Definition 4.6. An SL(C 3 )- structure on an oriented manifold X 6 is a section 17 of A+T*X. 17 is 
torsion-free if dQ = dtl = 0. 

If 17 is torsion-free then so is the almost complex structure J it defines, and 17-H17 is a global holo- 
morphic (3, 0)-form. A torsion-free SX(C 3 )-structure is therefore equivalent to a complex structure 
with trivial canonical bundle, together with a choice of trivialisation. 

The next two propositions are a summary of Sections 6.1 and 6.2 in |llj . Let X 6 be a compact 
oriented manifold. Fix a torsion-free S'L(C 3 )-structure 17 on X, and pick an arbitrary Riemannian 
metric that is Hermitian with respect to the complex structure defined by 17. Take k > 1, a G (0, 1), 
and let Z\ be the space of closed C k,a 3-forms. Abbreviate A" l T*A to A m . The complex structure 
J defines a vector bundle splitting 

A 2 = AloAl, 

where A| denotes the bundle of real (1, l)-forms, and A| has type (2, 0) + (0, 2). 

Proposition 4.7. There is an L? -orthogonal direct sum decomposition 

Zl = U z ®W 1 ® dC k+1 > a {A 2 6 ) 7 

and the projections are bounded in the Holder C k,a -norm. 

Let Pi : C fc ' Q (A 3 ) — > Wi be the L 2 -orthogonal projection. If (3 is sufficiently close to fl then (3 
is stable, and [3 is well-defined. On a neighbourhood of in Z\ we define 

Fi([3) = Pi(*f3). 

Proposition 4.8. The derivative (DFi)^ : Z 3 — » Wi is on H 3 © dC k+1 ' a (A\) and bijective on 
Wi . Furthermore for f3 £ sufficiently close to fl 

Fi(f3) = 0^d(3 = 0. 

In [TT] the content of the above two propositions is used with a slice argument to construct a 
moduli space of torsion-free <SX(C 3 )-structures. In the next subsection we extend the argument to 
prove proposition 14.41 

4.4. Proof of proposition 14.41 We now explain how to define a slice for the X>x-action at 
(12, ui) G y. We find a function with surjective derivative whose zero set in the slice is precisely the 
subspace of Calabi-Yau structures Q. Together with elliptic regularity and slice arguments this 
proves proposition 14. 4[ and hence theorem 13.31 

Abbreviate A m T*A to A m . As described in subsection 14.11 the Calabi-Yau structure (fl, uj) 
induces decompositions A 2 = A\ © A 2 © A| etc. 

The tangent space to the Pjf-orbit at (17, ui) in Z^ x Z^ is 

T = {(d(VM),d(Vjuj)) : V G C k+1 > a (TX)}. 

The sections of A| are precisely Fj17 for vector fields V, so by proposition 14.71 we may take 
K = (H 3 © Wi) x Z| as a complement of T in Z 3 x Z\. It is not clear a priori that K C\ T = 0, 
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but it will turn out to be so (corollary 14. 16|) . We use a small neighbourhood S of (f2,w) in the 
afBne space (Q,u>) + K as a slice for the D^-action. 

The pre-moduli space Q C S is the subspace of elements which define Calabi-Yau structures. 
By lemma 14.21 Q is the zero set of 

S -» C fc - 1 - a (A 4 ) x C fc < a (A 5 ) x C fc < Q (A 6 ), (/?, 7) h-> (d/3, /3 A 7, |/3 A /5 - ± 7 3 ), 

but this function does not have surjective derivative. Part of the work of obtaining a more appro- 
priate function is already done - we can replace the first component by Pi defined in (|4.3p . We 
need to find a more suitable second component. 

(Tl,uj) defines a complex structure on X, and in particular gives us the conjugate differential 
d c = i(d — d). Note that dd c — —d c d = 2idd. Since X is a Kahler manifold the <i<P-lemma holds. 

Theorem 4.9. Any real exact form of type (1, 1) on a compact Kahler manifold X is dd c -exact. 

Proposition 4.10. There is an 1? -orthogonal direct sum decomposition 

Zl=H b ®dC k+1 ' a {Kt)®W 2l (4.5) 

where W 2 = {dr] £ dC k+1 ' a {A A ) : % 6 d*d-q = 0}. The projection 

P 2 : C k < a (A 5 ) ->H 5 ® dC fc+1 ' a (Af) (4.6) 

is bounded in Holder C k,a -norm. 

Proof. The operator n 6 d* ®d®d c : T(A 5 ) -> r(A| © A 6 © A 6 ) is overdetermined elliptic, and its 
formal adjoint is d + d* + d c * . Hence the operator dn^d* + d*d + d c *d c is elliptic and formally 
self-adjoint on sections of A 5 , so 

C k ' a (A 5 ) = (dir 6 d* + d*d + d c *d c )C k+2 ^(A 5 ) ffiker(d7r 6 d* +d*d + d c *d c ) 

C dC k+ha {Al) +d*C k+1 ' a {A 6 ) + d c *C k+1 > a {A 6 ) + ker7r 6 d* C dC k+l ' a {A\) + kervr 6 d*, 

and the last sum is clearly direct. ker^d* contains Ti. 5 and d*C k+1 ' a (A 6 ), and hence splits as 
H 5 S)W 2 (Bd*C k+1 ' a (A 6 ). □ 



4\ 



d c gives a convenient characterisation of the splitting (|4.5|) . 

Proposition 4.11. Q A Z 2 = H 5 © dC k+1 > a {Aj) = Z\ n kerd c . 

Proof. A Ti 2 = H 5 by proposition 14. 1| while 

ft A dC fc+1 ' a (A 1 ) - d(Q A C fc+1,a (A 1 )) = dC fc+1 < Q (A 6 ,. 

A real 4-form has type (2, 2) if and only if its A| part vanishes. For dij £ dC k+1,a (A 4 ) applying 
the dd c -\emm& therefore gives 

Tr e d*dn = & d*drj e d*d c *C k+1 - a (A 6 ) dr, e P£;d c *C fc+1 ^(A 6 ), 

where Pg : C fc,Q (A 5 ) — > dC k+1 ' a (A 4 ) is the P 2 -orthogonal projection to the exact forms. Thus 
W 2 = P E d c *C k+1 ' a (A 6 ), which is the P 2 -orthogonal complement to dC fc+1 ' Q (A 4 ) n kerd c in 
dC fc+1 ^(A 4 ). Hence H 5 © dC k+1 ' a {Af) and Z\ nkerd c are both the P 2 -orthogonal complement 
to W 2 in Z|, so they must be equal. □ 

Definition 4.12. Let U C Z 3 x Z| be a small neighbourhood of (f2,o;), and 
P : f7 W x x (H 5 © dC* fc+1 < Q (A 4 )) x C fc < Q (A 6 ), 
(/3, 7 )^(Pi(/3),P 2 (/3,7),P3(/3,7)), 
where Pi(/3) is defined by (|43]l . F 2 (f3,-y) = P 2 (/3 A 7) with P 2 defined by gj|, and P 3 (/3,7) = 
i/5A/3-i 7 3 - 

Proposition 4.13. Let (/3, 7) &e a zero o/P sufficiently close to (il,u>). Then (/?, 7) is a Calabi- 
Yau structure. 
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Proof. By proposition ^. 8I F1 (8) = implies that d{3 = 0. Using lemma 1431 it suffices to show that 
8 /\j = 0. Since 8 is a torsion-free S'L(C 3 )-structure it defines an integrable complex structure Jp. 
Let d c p be the conjugate differential with respect to J p. Since dj = the (3, 0) + (0, 3)-part of d^j 
with respect to Jp vanishes. Thus 

d£G9A 7 ) = -/JAd£7 = 0. (4.7) 

Let n = /3A 7 . F 2 (8 1 7) = implies that 77 G W2. d c : £ 2 (A 5 ) — > L 2 (A 6 ) is bounded below transverse 
to its kernel. W2 n kerd c = by proposition ^. Ill so there is a constant A independent of 77 G W2 
such that 

\\d c r,\\ L z >AH\ Ll , 

The map C 1 (A 3 ) x L 2 (A 2 ) — » L 2 (A 5 ), (/?, 77) is differentiable in and bounded linear in 77, 

so there is a constant B such that for sufficiently close to f2 

||(d c -^)r?|| L2 <S||/3-fi|| cl |HU ? . 

Hence 

H^lk* > ||d c »?||^ - ||(d c - d%)ri\\v> >(A-B\\8- 0|| cl )||r7|| L? . (4.8) 
Combining P~?) and (|4T5|) gives that if \\0 - ^Hc 1 < A / B then /3 A 7 = 0. □ 

Proposition 4.14. (DF) {(Xuj) : Z\ X Z\ -> Wi X (W 5 dC fc+1 > Q (A|)) x C* fc < a (A 6 ) is surjective. 

Proof. Suppose (xi,X2,Xs) G Wi x (H 5 ©dC fe+1 < a (A|)) x C*^(A 6 ). By proposition|4~8]there is a G 
Zi such that (Z?Fi)ncr = xi- By proposition ^. 1 II there is t G Z 2 such that At = X2 — Pi(p Aw). 
For / G C* fc+2 '"(M),A G R 

(^3) ( n )W )(0, dd / + Aco) = -i^ 2 A (dtf 5 / + Xu) = -±(A/ + A)c; 3 . 

Since C fc < Q (A 6 ) = (R © AC fc+2 < Q (R)) cj 3 we can therefore find /, A such that 

(DF 3 ) (ntU) (a ) T + dd c f + Xu)= X 3- 
Then (DF) (Q:U}) (a, r + dd c f + Xlu) = ( X i, X2, Xs)- □ 

Recall that the tangent space to the slice is K = (TL 3 © Wi) x Z 2 , and that in definition ^. 3l we 
took TLsu to be the harmonic tangents at (fi, w) to the space of SU (3)-structures. 

Proposition 4.15. The kernel of (DF)^ ^ in K is TLsu- 

Proof. It is obvious that TLsu is contained in the kernel. The projection from the kernel to the 
Z|-component has image contained in TL 3 C Z| and kernel contained in x TL\ C K, so by 
dimension-counting TLsu is all of the kernel. □ 

As a consequence we have that K really is transverse to T, as claimed earlier. 
Corollary 4.16. K n T = 0. 

Proof. li Kf\T were non-trivial the kernel of (_D.F)m a>) i n would contain some non-zero exact 
forms. □ 

Now we can apply the implicit function theorem to F to show that the Q is a manifold with 
tangent space TLsu at (Cl,u>). Proposition 14.41 follows by elliptic regularity and slice arguments. 



5. Hodge theory 

We wish to study the moduli space of torsion-free EAC G2 -structures on a manifold with 
cylindrical ends in terms of the projection (|3.f [) to the de Rham cohomology. In order to do 
this we require results about Hodge theory on EAC manifolds. We also explain how the type 
decompositions of de Rham cohomology discussed in subsection 14.11 behave on EAC G 2 -manifolds. 
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5.1. Analysis of the Laplacian. We review some results that we shall need about analysis 
of elliptic asymptotically translation-invariant operators on manifolds with cylindrical ends, and 
explain how they can be applied to the Laplacian of an EAC metric. For more detail about the 
analysis see e.g. Lockhart jTT], Lockhart and McOwen [18] . and Maz'ya and Plamenevskh [T5] . 

Definition 5.1. Let M n be a manifold with cylindrical ends. If g is an asymptotically translation- 
invariant metric on M, E is a vector bundle associated to TM, del and s is a section of E 
define the Holder norm with weight 5 (or '"-norm) of s in terms of the Holder norm associated 
to g by 

INIc^G?) = l|e d *s|| c . fc , Q(ff) , 

where t is the cylindrical coordinate on M. Denote the space of sections of E with finite C s ' a -norm 
hy Cf a (E). 

Up to equivalence, the weighted norms are independent of the choice of EAC metric g, and of 
the choice of t on the compact piece Mq. In particular, as topological vector spaces Cg' a (E) are 
independent of these choices. 

We will want to use that d and d* are formal adjoints in integration by parts arguments. On a 
manifold with cylindrical ends this is only justified if the rate of decay of the product is positive. 

Lemma 5.2. Let M n be a manifold with cylindrical ends equipped with an asymptotically translation- 
invariant metric. Suppose that G C* ,a (A m T*M), 7 G C^ Q (A m+1 T* M) with k > 1 and 
5i + S 2 > 0. Then 

<df3,-f> L 2 = <[3,d*j> L 2 . 

Let M be a manifold with cylindrical ends, E, F vector bundles associated to TM and A a 
linear smooth order r differential operator T(E) — > T(F). The restriction of A to the cylindrical 
end Moo can be written in terms of the Levi-Civita connection of an arbitrary product metric on 

X x M as 

r 

A = ^a,V t (5.1) 

i=0 

with coefficients a,; G C°° {{T M) 1 ® E* ® F). A is said to be asymptotically translation-invariant 
if the coefficients are. Then A induces bounded linear maps 

A:C k s +r ' a (E) ^Cf a {F) 

for any 5 G K. One of the main results of [IB] is Theorem 6.2, which states that if A is elliptic 
then these maps are Fredholm for all but a discrete set of values of 6, and also relates the index 
for different values of S. [HI Theorem 7.4] is a corollary which computes the index of self-adjoint 
asymptotically translation-invariant elliptic operators for small weights. This can be applied in 
particular to the Hodge Laplacian of an asymptotically cylindrical metric, as in [17[ Section 3]. 

Proposition 5.3. Let M be an asymptotically cylindrical manifold, and e\ the largest real such 
that 

A : C± + s 2 ' a (A m T*M) -> C^(A m T*M) (5.2) 

is Fredholm for all m and < 5 < e x . Then the index of flO]) is ^(b^^X) + b m (X)) for all 
0<S<ei. 

Remark 5.4. Strictly speaking, the results in [TJ] use weighted Sobolev spaces rather than weighted 
Holder spaces, but the arguments are the same in both cases. See also pQH Theorem 6.4]. 

Lemma 5.5. t\ depends only on the asymptotic model gx + dt 2 for the metric on M. Furthermore, 
ei is a lower semi- continuous function of gx with respect to the C x -norm. 

Proof. t\ is in fact the smallest positive eigenvalue Ai of the Hodge Laplacian Ax defined by gx 
on 0*(X). To prove the proposition it therefore suffices to show that Ai is lower semi-continuous 
in gx- 



14 



JOHANNES NORDSTROM 



Let <?,<?' be smooth Riemannian metrics on X, A, A' their Laplacians and X±,Xi the smallest 
positive eigenvalues of the Laplacians. Let T be the L 2 (g) -orthogonal complement to ker A in 
C 2 > a (A*T*X). Then for any (3 6 T with unit L 2 ( ff )-norm 

X 1 < <A/3,/3> i2(3) = \\df3\\ 2 L2{g) + \\d*P\\ 2 L2{g) . 

Since d + d* is an elliptic operator it gives a Fredholm map L\(A*T*X) — » L 2 {A*T*X), so 
it is bounded below transverse to its kernel. In other words, there is a constant C\ such that 
\W Ll{g) < Ci (\\df3\\ 2 L2(g) + ||d*/3||i 2(9) ) for any fi e T n L 2 (A*T*X). 

Let ei be an eigenvector of A' with eigenvalue X[. By Hodge theory for compact manifolds 
ker A and ker A' have the same dimension, so (ker A' © Mei) f~l T is non-trivial. Hence 

<A'/3,/3> L2(3 , ) = ||^||| 2(fl ,) + ig/gW) 

<P,(3> LHgl) m\ 2 L2{gl) 

for some /3 € T with unit L 2 (g)-norm. The RHS depends differentiably on </ (with respect to the 
C l (g)-norm) and the derivative at g' — g can be estimated in terms of ||/3||^ 2 , Therefore there 
is a constant C2 (independent of j3) such that for any g' close to g 

\W\\ 2 L2(gl) + \\d*' p\\ 2 L2{gl) 

> ||^||i a(fl ) + IK/3|[i> (s) - Calls' - ffllcM s )ll/3|lif( g) > (1 - h' - 9\\ci( g) CiC 2 ) \ t . □ 

Now let M be an EAC manifold with rate 80 and cross-section X, and assume that < S < 
min{ei, 5q}. We fix some notation for various spaces of harmonic forms. 

Definition 5.6. Denote by 

(i) 7i™ the space of harmonic m-forms in C±$(A m T*M), 

(ii) H™ the space of bounded harmonic m-forms on M, 

(iii) the space of translation-invariant harmonic m-forms on X x M, 

(iv) Hx the space of harmonic m-forms on X. 

By elliptic regularity H± consists of smooth forms, and is independent of k for k > 2. The 
computation of the index in proposition 15.31 involves proving that 

7C = W + *At:^6 t e H^ 1 }. (5.3) 

In particular the index of 

A : Cg +2 ' a (A m T*M) -> C*' a (A m T*M) (5.4) 

is — dim7i™ for small positive S. Knowing the index of the Laplacian on weighted Holder spaces 
allows us to use an index-counting argument to deduce results about the kernel, and a Hodge 
decomposition statement. 

Let i = b m (X) + b m - 1 {X). H™ has dimension i, and the index of (JOJ) is -i. A(pH™) and 
A(ptH™) consist of exponentially decaying forms. Therefore 

A : C k s +2 ' a {A m T*M) © pHZ © P*?C -► C k s ' a {K m T*M) (5.5) 

is well-defined, and its index is +i. (|5.4[) has kernel , and by integration by parts the image 
contained in the orthogonal complement of W™. (|5.5[) has kernel contained in H.™ and image 
contained in the orthogonal complement of 7i™. Hence 

i < dimW™ - dimW™, 
-i < dimH™ -dirnH" 1 . 

Since equality holds the kernel of (|5.5j) is exactly H™. 
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Proposition 5.7. Let M be an exponentially asymptotically cylindrical manifold with rate So, 
k > and < S < min{ei, 5q}. Then 

H m C Cg' a (A m T*M) © pHZ © ptH™, 

Tl™ C C 5 fc ' Q (A m T*Af) © 

and is precisely the space of L 2 -integrable harmonic forms on M. 

Also the image of (JSU is exactly the L 2 -orthogonal complement of V™ in Cf a {k m T*M). We 
can use this to prove an EAC analogue of the Hodge decomposition for compact manifolds: 

Cf a {K m T*M) = H™ © C k 5 ' a [dk m - l T*M] © C^ a [d*A m+1 T*M], (5.6) 

where we let Cg' a [dA m - 1 T*M] and C k s ' a [d* A rn+1 T* M] denote the subspaces of C k,a (A rn T* M) 
consisting of exact and coexact forms, respectively. 

5.2. Hodge theory on EAC manifolds. In this subsection we outline the correspondence be- 
tween bounded harmonic forms and the de Rham cohomology on an oriented EAC Riemannian 
manifold M n with cross-section X n . For 'exact ^-manifolds', which can be considered as a sub- 
class of EAC manifolds, the type of results we need can be found in Section 6.4 of Melrose [20] . 
The arguments there carry over unchanged to the EAC case. 

Definition 5.8. Let H E ,Ti^-, C Tt™ denote the spaces of bounded exact and coexact harmonic 
forms respectively on M , and 

n abs — n + w n E , : n re i — n + ty n E . 

The next theorem is part of [20] Theorem 6.18]. 

Theorem 5.9. Let M be an oriented EAC manifold. The natural projection map tth ■ — * 
H m (M) is an isomorphism. 

Since the kernel of ttr '■ — > H 3 (M) is ?i E the theorem implies that 

ft™ = © H£„ © (5.7) 

By proposition 15.71 any a £ H™ is exponentially asymptotic to some B(a) G "H™. By (|5.3|) 
=Hx®dt A Hx' 1 , so we get a boundary map 

B : H% 1 -> H% © dt A a h-> fl B (a) + d* A B e (ar). 

It is easy to see that for a £ Ti™ the pull-back map j* in the long exact sequence for relative 
cohomology (|2.4[) acts as 

f([a]) = [B a (a)} eH m (X), (5.8) 
and it follows that 7i™ ; C kerf? a . Applying the Hodge star shows that also C ker£? e . 

Therefore B a is injective on and on 7i™ ; , while B e is injective on H E and on W^ s . 

As a corollary of theorem !5.9l we can determine that the image of the space of L 2 harmonic 
forms in the de Rham cohomology H m (M) is precisely the subspace H™(M) of compactly sup- 
ported classes. This result appears as e.g. [TJ Proposition 4.9], [T7] Theorems 7.6 and 7.9], and [20J 
Proposition 6.14]. 

Theorem 5.10. Let M be an oriented EAC manifold. Then tth ■ 7~C+ ~^ H rn (M) is an isomor- 
phism onto iJ™(M). 



Proof. Tl™ is ker B a in TC^ bs , and it follows from theorem 15.91 that it is mapped isomorphically to 
H^(M) = ker j* C H m {M). □ 

Definition 5.11. Let A m = B a (7i™) C ft™, £ m = B e (H% +x ) C H%, and let A m ,E m be the 
subspaces of H rn (X) that they represent. 

A m is of course just the image j*(H m (M)) C H m (X). The Hodge star on M identifies U^ h8 
and H™^ n . If /? e then 5 e (*/3) = *B a (/3). Therefore the Hodge star on X identifies „4 m with 
gn-m-^ and A m with ^n-m-i gQj Lemma 6.15] implies 
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Proposition 5.12. Let M n be an oriented EAC manifold. Then 

T-C r x = A m © £ rn 

is an orthogonal direct sum. 
Finally, we observe 

Corollary 5.13. Let M n be an oriented EAC manifold which has a single end (i.e. the cross- 
section X is connected). Then e : H^ pt (M) — > H 1 (M) is infective. H} E — 0, and TCq — > H 1 (M) is 
an isomorphism. 

Proof. Consider the start of the long exact sequence for relative cohomology 

H° cpt (M) - H°(M) - H°(X) *> H] pt {M) A H\M). 

The dimensions of the first three terms are 0, 1, and 1, so d = 0, and thus e is injective. 

H l E = £° = E° = d(H°(X)) = kcre C H^ pt (M), 

so the result follows. □ 

5.3. Hodge theory of EAC G2-manifolds. Let M 7 be an EAC G2-manifold, with G2-structure 
if asymptotic to ft + dt Aw. (ft, u>) is a Calabi-Yau structure on the cross-section X. Maps such 
as il 2 (X) — > il 4 (X),a m uAw are 5[/(3)-equivariant, so by proposition 14.11 induce maps between 
type components of the spaces of harmonic forms. In this subsection we consider the relation 
between the type decompositions and the decomposition in proposition 15.121 

By remark l2.12l *(/? is asymptotic to ^w 2 — dt Aft, where ft is the unique 3-form on X such that 
ft + iCl has type (3, 0) as discussed in subsection 12.31 

Lemma 5.14. If r E £ m then r A ft E £ m+3 and t A\uo 2 E £ m+i . 

If a E A m then a A ft E A m+3 , a A \u 2 E A m+4 , a A uj E £ m+2 and a A ft G £ m+3 . 

Proof. If x € He +1 with B eX = t then 

X A <p E H^ +A => dt A t A ft = B( X A (f) E dt A £ m+3 , 

X A *if E H^ +5 => dt A t A \<J = B( X A *<p) E dt A £ rn+i . 

If x G Hq 1 with B aX = <J then 

X A if E H^ +3 ^<7An + dtAaAcj = B{xAip)E A rn+3 © dt A £ m+2 , 

X A *if E U^ +i => a A \u? + dt A a A ft = B( X A *<p) E A m+i ® dt A £ rn+3 . □ 

Hodge theory for compact manifolds allows us to identify the de Rham cohomology of X with 
the harmonic m-forms on X. The L 2 -inner product on therefore gives an inner product on 
H m (X), and the Hodge star * : Ti™ —> TL^T™ gives isomorphisms 

* : H m (X) -> H 6 - m (X). 

This map is the composition of the metric isomorphism H m (X) = (H m (X))* with Poincare 
duality (H m (X))* = H 6 ~ m (X). Proposition 15.121 implies that there is an orthogonal direct sum 

H m (X) = A m (BE m , 

where A m = j*(H m (M)) and E m = *A 6 - m . Let A\ = A 2 n #f (X) etc. 

Proposition 5.15. Let M be an EAC G^-manifold with cross-section X. Then 

H 2 (X) = A\ © E 2 , Ht{X) = At 8 El 

and the sums are orthogonal. Furthermore 



(i) H 2 (X) - H$(X), [a] » *[a] maps A 2 -> El,E 2 -> A|, 

(ii) ff x (X) -> i? 6 4 (X), [a] i-> [a] U [ft] maps A 1 ™> A|, -> JS$, 

(iii) # X (X) -> iJ 5 pf), [a] ' — ^ [a] U [±w 2 ] maps A 1 A 5 , E 1 E 5 . 
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Proof, (i) is obvious, since * maps A rn <-> E 6 m . 

[a] 1— > a] U [Q] is a bijection H 1 (X) — > Hq(X), and it maps A 1 ^ A 4 , E 1 ^ E 4 by lemma 
l5~14l ThusJ^iT)] It follows that that A 1 -> Ag, -> are both surjective, and that H%{X) splits 
as A% © Ef~H£(X) splits too by[(TJ 



(iii) follows from lemma 15. 141 in the same way. □ 



When X is Kahler the complex structure J is parallel, and the Hodge Laplacian on forms 
commutes with the action of J. Thus 7i x inherits a complex structure from X in the Kahler case, 
and the inner product on H x is Hermitian. We identify H l (X) <-> TL X as usual to make H 1 (X) 
a Hermitian vector space. 

Proposition 5.16. Let M be an EAC Gi-manifold with cross-section X. Then the pull-back 
j* : H 1 (M) H 1 (X) embeds H (M) as a Lagrangian subspace of H 1 (X) with the symplectic 
form < •, J- >. In particular 6 1 (M) = ^(X). 

Proof. By proposition 15 . 1 71 below j* maps H 1 (M) isomorphically to its image A 1 . The complex 
structure on H 1 (X) can be expressed as 

J[a] = *([a] U [±w 2 ]). 

Thus J maps A 1 to its orthogonal complement E 1 by proposition l5.15l □ 

On compact Ricci-flat manifolds harmonic 1-forms are parallel, and this can be generalised to 
the EAC case. 

Proposition 5.17. If M is a Ricci-flat EAC manifold then Hq is the space of parallel 1-forms 
on M . In particular H\_ — 0, and j * : H l (M) -> ^(X) is infective. 

Proof. This is proved by a standard 'Bochner argument'. For a 1-form cj> the Weitzcnbock formula 
[3 (1.155)] gives 

Acj) = V*V0. (5.9) 

It follows that any parallel 1-form (f> is harmonic, and parallel forms are of course bounded. To 
show that any bounded harmonic form is parallel we use (|5.9p together with an integration by 
parts argument. 

TL\_ consists of parallel decaying forms, so is 0. By theorem 15.101 the kernel Hq(M) of j* : 
H\M) -► H\X) is represented by U\. □ 

6. Deformation theory of EAC G 2 -manifolds 

In this section we construct the moduli space of exponentially asymptotically cylindrical torsion- 
free G2-structures on a manifold with a cylindrical end, and study its local properties. 

Throughout the section M 7 is a connected oriented manifold with cylindrical ends, X 6 is its 
cross-section, t the cylindrical coordinate on M and p a cut-off function for the cylinder on M. 
We abbreviate A m T*M to A m . 



6.1. Proof outline. We now set out to prove the main theorem 13.21 The argument is a generali- 
sation of that used by Hitchin in pj] to construct the moduli space of torsion-free G2-structures on 
a compact manifold. Hitchin shows that a G2-structure is torsion-free if and only if it is a critical 
point of the volume functional ip i— > Vol(ip) (Vol(<p) is the total volume of the metric defined by 
if). An appropriate modification of the map ip i— > D v Vol has surjective derivative, and the implicit 
function theorem can be applied to find pre-moduli spaces of torsion-free G2-structures which are 
manifolds. 

In the EAC case it is not as natural to consider the volume functional, but we can nevertheless 
adapt the steps in Hitchin's proof to find pre-moduli spaces which are manifolds, and then apply 
slice arguments to show that the moduli space is a manifold. Like in e.g. Kovalev [T5] (which 
studies deformations of EAC Calabi-Yau metrics) we can simplify the slice by understanding the 
deformations of the boundary - in this case we use the deformation theory of compact Calabi-Yau 
3- folds described in section 5. 
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As an intermediate step in the proof of theorem 13.21 we construct moduli spaces of torsion- free 
exponentially cylindrical G2-structures with some fixed rate 6 > 0. As before we let Xs be the 
space of torsion-free EAC G2-structures with rate S. Each tp £ Xs defines an EAC metric, and 
hence a parameter ei(ip) (cf. proposition 15. 3|) . When we study a neighbourhood of tp we need to 
assume that 5 < £i(<p) in order to apply analysis results. We therefore let 

X' s = {tp G Xg : eifoO > 6}. 

t\ depends lower semi-continuously on the asymptotic model by lemma 15.51 so Xg is an open 
subset of Xs- Let Vg be the group of EAC diffeomorphisms of M with rate 8. The rate 5 moduli 
space that we study is Ms = Xg/Vg. 

Given tp G Xg let fi + dt A u> = B{tp), i.e. the asymptotic limit of tp. If we identify + dt A u> 
with the pair (D, u>) then by proposition 12.111 n + dt Aui defines a Calabi-Yau structure on X. By 
proposition 14.41 there is a pre- moduli space Q of Calabi-Yau structures near ft + dt A ui. Let 

X Q = {ip G X'g : Bty) G Q}, 

and let T>q C be the subgroup of diffeomorphisms asymptotic to automorphisms of the cylin- 
drical G2-structure fl + dt A to. By proposition 14.51 T>n acts on Xq, and we will see that Xq/T>q 
maps homeomorphically to an open subset of Ms- 

We use slice arguments to study a neighbourhood of tpT>Q in Xq/Vq. In order to be able to 
apply analysis results we need to use Banach spaces of forms, so we work with weighted Holder 
Cg' a spaces, for some fixed k > 1, a G (0, 1). Note that the boundary values of elements of Xq 
must lie in 

Qa = {fi' + dtAw'e Q: [fi'] G A 3 , [J 2 ] G A 4 }, (6.1) 
where A m is the image of j* : H m {M) — > H m (X) (cf. discussion before theorem 13. 6ft . We use the 
cut-off function p to consider pQ^ as a subspace of smooth asymptotically translation-invariant 
3- forms supported on the cylinder of M, and let 

Z Q CC^ a (A 3 )+pQ A 

be the subspace of closed forms. Then Xq e — > Zq continuously. The main technical steps in the 
construction of the pre-moduli space near tp are to 

(i) show that Qa is a submanifold of Q (proposition 16. 2p . so that Zq is a manifold, 

(ii) find a complement K in T v Zq for the tangent space to the Dg-orbit at tp (proposition 
16. lip , and pick a submanifold S C Zg with T V S — K, 

(iii) show that the space of torsion-free G2-structures 1Z$ C iS is a submanifold (proposition 

Em 

(iv) show that the elements of TZs are smooth and exponentially asymptotically translation- 
invariant with rate 5 (proposition 16 . 2 1|) . 

In subsection 16 . 71 we then provide the slice arguments that show that 1Z$ is homeomorphic to a 
neighbourhood in Xq/Vq, and therefore in A4s- Hence Ads is a manifold for any 5 > 0. We then 
show that Ms is homeomorphic to an open subset of M + for any S > 0, and deduce that M + is 
a manifold. 

Remark 6.1. The last step means that if tp G X + is EAC with rate 5o(tp) then for any < 5 < 
min{So(tp), €i(<p)} the pre-moduli space TZs gives a chart near tp not only in Ms, but also in Ms> 
for any 5' > S, and in M + . In other words, 7^,5 is essentially independent of § if 5 is chosen 
sufficiently small. 

6.2. The boundary values. As explained above we are restricting our attention to determining 
the space of torsion- free G2-structures in Zq, whose boundary values lie in a space Qa- In order 
to make sense of this we first of all need to know that Qa is a manifold. We show that here, and 
in the process essentially prove theorem 13.61 

Let X 6 be the cross-section of an EAC G2-manifold M 7 , and (O, uS) a Calabi-Yau structure on 
X defined by the limit of a torsion-free EAC G2-structure on M. Let Q be the pre-moduli space 
of Calabi-Yau structures near (fi,w), and equivalently to (|6.1|) define 

Q A = m',cj') G Q : [Q'} G A 3 , [uo 12 ] e A 4 }. 
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Since Q is diffcomorphic to a neighbourhood in the moduli space j\f of Calabi-Yau structures on X, 
Qa is homeomorphic to a neighbourhood in the subspace A/a of classes which stand a chance of 
being the boundary values of EAC torsion- free (^-structures, as discussed before theorem 13.61 

Recall that by proposition 14.41 the tangent space at (fi, oj) to the pre-moduli space Q is the 
space Hsu of harmonic tangents to the 5'C/(3)-structures. As before let E m C H m (X) be the 
orthogonal complement of A m , and let A m ,£ m C 7i™ denote the respective spaces of harmonic 
representatives. By lemma 15.141 r h>wAt maps A 2 — > £ 4 and £ 2 — > .A 4 . Hence the linearisation 
of the condition [cj' 2 ] G A 4 is [r] £ L7 2 , and we would expect the tangent space to 2,4 at (0,o;) to 
be 

H su ,a = {fo t)£H su --(t£ A 3 , r e f 2 }. 

Proposition 6.2. Lei (f2, cj) be the Calabi-Yau structure induced on the cross-section X 6 of an 
EAC G2~manifold M , and Q the pre-moduli space of Calabi-Yau structures near (fi, w). Then 
Qa C Q is a submanifold, and 

T(n iUJ )Q,A = 7~isu,A- 
Proof. The map Q — > H 3 (X) is a submersion, so 

Q' = {(fi',u/) 6 Q : [fi'] G A 3 } 
is a submanifold of Q. By proposition 15.151 

H A {X) = A\ © A% © A 4 © F 4 © £ 4 , 
where A 4 = H$(X) n A 4 etc. Let 

P £8 : ff 4 (A) -» £ 4 

be the orthogonal projection. For (fi',u/) € Q' let F m be the orthogonal complement of A m 
in H rn (X) with respect to the metric defined by (fi'.o/), and let P A , : H m (X) -> A m and 
Pe/ : H m (X) -> £ m ' be the projections. Let 

We prove that is a submanifold of Q' by showing that it is the zero set of F, and that F has 
surjective derivative at (Q,u>). 

Suppose F(Q,',u') = 0, and let a = P E ,[u' A oj'}. Write a = b + c, with b e A 4 , c e E A . 
Peso- = =>■ tt^c = 0, so c G B@. Since i? 1 — > L7 4 , v t- > [f2] u w is an isomorphism c = [fi] U v for 
some v G E l . In the inner product <,>' on H*{X) defined by (fi',a/) 

<a,a>' = <a, [fi] U v>' = <a, [0]Ud- [fi'] U P w v>'< ||a||'(||[fi - fi'] \\'\\v\\' + \\P A 'v\\')- 

The RHS can be estimated by ||[fi - fi'] \\ (\\a\\') 2 for (fi',u/) close to (fi,w). Hence for (fi',u/) 
sufficiently close to (fi, w) 

f (fi'.w') = =*► Pb-K 2 ] = K 2 ] G A 4 . 

So Qa C Q' is the zero set of F. It remains to show that F has surjective derivative. If (a, t) G 
(A 3 x H\) n Hsu - IfoujC then since [oj 2 ] G A 4 

£>F (n ,c)(o-,T) = P E8 Pe(2[oj At]) = 2P E8 [w A r]. 

Since ,A§ — s- £| , r i— > cj A r is a bijection the derivative maps x Ag C TV^Q' onto £/f. 
By the implicit function theorem Qa is a manifold, and the tangent space at (fi, oj) is 

keiDF^^ = Hsu,a- □ 
Corollary 6.3. H S u,A A 3 , (cr, r) ^ a is surjective, with kernel x £| . 

Proof. The last part of the proof of the proposition actually shows that Qa — > A 3 is a submersion, 
so Hsu. A ~^ A 3 is surjective. This could also be deduced from lemma lS". 141 By definition oiHsu the 
kernel consists of (0, r) G x £ 2 satisfying the conditions (|4.3| . which reduce to h\t = ttqt — 0. □ 

Proposition 16.21 implies directly that a neighbourhood of the image of B : j\4 + — » A/a is a 
manifold. The rest of theorem 13.61 follows too, once we have proved the main result that M + is a 
manifold. We will return to this in subsection 16.81 
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6.3. The Dirac operator. We will use Fredholm properties of the Dirac operator associated to 
a G*2-structure <p to obtain a direct sum decomposition ( proposition 16 . 1 lj) . The required properties 
of the Dirac operator can conveniently be deduced from the properties of the Laplacian discussed 
in subsection 15. II 

Since Gi C SO(7) is simply connected it can be regarded as a subgroup of Spin(7), so a G2- 
structure on a manifold M 7 induces a spin structure (in fact a converse also holds: an oriented 
manifold M 7 admits G2-structures if and only if it admits a spin structure, cf. [5l Remark 3]). 
The spin structure defines a spinor bundle S, and the Dirac operator 

3 : T(S) -» T(S). 

Recall that if K 7 is identified with the imaginary part of the octonions O then G2 corresponds to 
the group of normed-algebra automorphisms of O. Indeed, the 3-form ipo £ A 3 (R 7 )* stabilised by 
G2 can be written in terms of the octonion multiplication • and the inner product <,> as 

(fo(a, b, c) = <a ■ b, c> . 

The octonion multiplication by R 7 on O induces a representation of the Clifford algebra Cl(M. 7 ) on 
O. Hence Spin(7) C C7(R 7 ) also acts on O, and this identifies O with the spin representation of 
Spin{7). This identification is in fact G*2-equi variant (cf. [9j page 122]). In particular, the restriction 
of the spin representation to G2 is isomorphic to R 1 ©]]^ 7 , the direct sum of the trivial and standard 
representations of G2. 

Hence on a manifold M 7 with a G2-structure ip the spinor bundle S is isomorphic to A°T*M © 
A 1 T*M. Under this identification Clifford multiplication by some a £ 51 1 (Af) (which comes from 
the octonion multiplication) corresponds to 

n°(M)®n 1 (M)^n°(M)®n 1 (M), (f,0) h-> (- <a,/3>, /a + *(aA/?A^)), 

and the Dirac operator is identified with 

n°{M)®Sl 1 (M) -*Q°(M)®n 1 (M), (J,0) <-> (d*/3, df + *(d/3 A*cp)). (6.2) 

If M is a G2-manifold we can see directly from (|6.2p that 9 2 is identified with the Hodge Laplacian 
on fl°(M) © f2 1 (M) (this could also be proved in the vein of proposition 14. II using a Weitzenbock 
formula). This allows us to deduce the index of the Dirac operator from that of the Laplacian 
(proposition E3| . 

Let Hq be the bounded harmonic spinors on the G2-manifold M 7 , and H.^ the translation- 
invariant harmonic spinors on the cylinder Xxl. We can consider pH^ as a space of spinors on 
M supported on the cylindrical part, where p is a cut-off function for the cylinder. 

Proposition 6.4. Let M be an EAC G2-manifold with rate So, k > 1 and < 5 < min{ei,(5o}. 

d:C* +1 ' a (S) ^C^ a (S) (6.3a) 

is injective and its image is the I? -orthogonal complement ofTL^, while 

^ +1 ' a {S)®p-Ht^C k s 



S : C k s +1 ' a {S) © pH^ -> Cf a {S) (6.3b) 



is surjective with kernel TL^ . 

Proof. The argument is analogous to that on page [T3J Tt^ = © = WP X ® j so nas 
even dimension (as X is Kahler). Let 2i — dim7i^. By proposition 15.31 

A : C k+1 ' a (S) -> C k ' a (S) 

has index — 2i, so the index of (|6.3ap is —i. Hence (I6.3b|) has index +i. The kernel of (|6.3b[) is 
contained in Hq , while by integration by parts the image of (|6.3ap is contained in the L 2 -orthogonal 
complement of TCq . Hence 



-i < -dimHf, 
i < dim^o 5 . 



(6.4) 

Since equality holds the result follows. □ 

Remark 6.5. If M has a single end then dim 7^ = 2 + & 1 (A), while corollary 15. 131 implies that 
dim7iQ = 1 + b 1 (M). Hence the equality in (|6.4[) can be seen as a consequence of proposition [STTH 
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6.4. The slice. Fix k > 1, 5 > 0, a G (0, 1) and tp 6 A^. We find a direct complement X in T V Z Q 
to the tangent space of the 2?g-orbit. Then we define a submanifold S C Zq whose tangent space 
at tp is K. We will use 5 as a slice in Zq for the 2?g>-action at tp. 

The fixed torsion-free G2-structure tp is used to define an EAC metric and a Hodge star. It also 
defines type decompositions of the exterior bundles and spaces of harmonic forms, as described in 
subsection 14. II The relevant decompositions of the exterior powers of the cotangent bundle are 

A 2 = Ay © A 2 4 

A 3 = Al © Af © Al 7 

A 4 = Af © Ay © A 4 y 

A 5 = Af ©A? 4 , 

where A™ is a subbundle of the exterior cotangent bundle A™ of rank d. Its sections i7™(M) are 
the 'type d m-forms'. Note that the map TM — > Ay, d i— > v_i<^ is a bundle isomorphism. Therefore 
Lie derivatives Cv<p = d(Vjtp) are precisely exterior derivatives of 2-forms of type 7. 

Having restricted our attention to G2-structures in Zq is convenient since the asymptotic values 
of elements of T v Zq are harmonic. Recall the notation for harmonic forms from subsection 15.21 in 
particular that H.™ and 7i™ denote the spaces of bounded harmonic forms on M and harmonic 
translation-invariant forms onlxl respectively. 

For convenience we identify translation-invariant 3-forms onlxK with pairs of 3- and 2-forms 
on X by a + dt A r «-> (a, r). This identifies the tangent spaces TLsu an d TLsu.A of Q and Qa with 
subspaces TL 3 SU ,H 3 SU A C Hf^. Let 

be the subspace of closed forms. Clearly T v Zq C Z 3 yl , and we show below that equality holds. 
The tangent space to the pre-moduli space of torsion-free G2-structures at tp will turn out to be 
the subspace 

of harmonic forms. This is exactly the subspace of elements of TCq which are tangent to cylindrical 
deformations of the G2-structure, i.e. whose boundary values lie in The boundary map 

B : TL 3 — > TL 3 ^ maps 7~L 3 y i precisely onto Ti% UA - Together with the Hodge decomposition (|5.6p it 
follows that 

Z 3 cyl =H 3 cyl (BC k > a [dA 2 ]. (6.5) 

Remark 6.6. dC k+1 ' a (A m ) is the space of exterior derivatives of decaying forms, while we use 
Cg' a [dA m ] to denote the space of exact decaying forms. dC k+1 ' a (A m ) C C k ' a [dA m ] is a closed 
subspace of finite codimension. 

Lemma 6.7. Zq is a manifold, and T v Zq = Z 3 yl . 

Proof. If ip is a 3-form asymptotic to an element (f2',u/) € Qa then the condition [f2'] S A 3 

J 6 



implies that di[> 6 dC k ' a (A 3 ). Therefore 



d:Cf a {A 3 )+ P Q A ^dC k ' a {A 3 ) 
is a submersion, and the result follows from the implicit function theorem. □ 

Let T>Q +1 ' a be the group of diffeomorphisms of M which are isotopic to the identity, and c k+1 ' a - 
asymptotic to a cylindrical automorphism of the cylindrical G2-structure VL + dt Ato. The elements 
of a neighbourhood of the identity in V k Q +1 ' a can be written as exp(V + pVoo) , where V is a C k+1 ' a 
vector field on M and l^o is a translation-invariant vector field onlxl with Cy^ (£l + dtAui) = 0, 
i.e. Voo E (H 1 ^. Therefore if we let 



D = P (Hl)^<p c n 2 7 (M) 
"-orbit at tp is 

{L v+pVoo tp ■ V G Cg +1 ' a (TM), Voo E = d(C k+1 > a (A 2 )®D). 



then the tangent space to the X>g +1 ' Q -orbit at tp is 
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We take the tangent space K to the slice at tp to be the kernel of the formal adjoint of d : f2 7 (M) — > 
3 (M), i.e. 

Definition 6.8. Let K be kerrryd* in Z* v 

Lemma 6.9. If (3 G fiij 7 (M) f/ierc 7r 7 d/3 = if and only if -K^d* (3 = 0. 

Proof. An instance of Proposition 3], □ 
Definition 6.10. Let W = G 5 fc ' Q [dA 2 ] n 27 (M). 
Proposition 6.11. if = © VK 7 and 

Proof. K obviously contains 7~Q yl , and it also contains W by lemma [ITU By integration by parts 
K is L 2 -orthogonal to d(C$ +1, (A%) © £>). Hence by j631) it suffices to show 

C k s ' a [dk 2 ] = d(C 5 fe+1 ^ Q (A?) © £>) © W. (6.6) 

We can identify the spinor bundle S with A © A 2 and with A\ e7 (shorthand for Af © A 7 ) so that 
the Dirac operator S : T(S) — » r(5) is identified with 

fl°(M) © fi?(M) -> n?g, 7 (M), (/,??) ^ 7^7*7 + *(df Mp). 

If /3 G G^'^dA 2 ] then by surjectivity of the Dirac operator map (|6.3b[) 

7i"ie7/3 = K im d-q + *(df A <p) 

for some r? G C k 5 +1 ' a {A 2 7 ) © Z>, / G G 5 fe+1 '"(A°) © pH^. By integration by parts df = 0. Hence 
(3 — dn is exact and of type 27, i.e. /? — efr? G W. □ 

We want to take as our slice for the XVaction at tp a submanifold S C Zg with T^iS = AT. To 
this end we pick a map 

exp : U -> Z| (6.7) 

on a neighbourhood t/ of in Z 3 ^ = T v Zq, such that Z?exp = id. We also insist that exp maps 
decaying forms to decaying forms, and smooth forms to smooth forms. We can do this since by 
(16. 5|) the decaying forms have a finite-dimensional complement of smooth forms in Z^ yl . We then 
choose 

S = cxp(An[/). (6.8) 

6.5. The pre-moduli space is a manifold. Let TZg C S be the subset of Cg' a torsion-free G%- 
structures. 1Z$ is the pre-moduli space of torsion-free G2-structures near (p. In order to show that 
IZs is a submanifold we will exhibit it as the zero set of a function F with surjective derivative, 
and apply the implicit function theorem. 

Recall that by theorem 12.51 a G2-structure ip is torsion-free if and only if dip = and d^tp = 0. 
To emphasise the non-linearity of the second condition we define 

Definition 6.12. For a G2-structure ip on M let Q(ip) = *^ip. 

So with this notation 

TZ S = {ip G S : dQ{ip) = 0}. 
If tp G Zq then ip is asymptotic to a torsion- free cylindrical G2-structure, so d<d(ip) decays. 
Moreover, by definition elements of Zq are asymptotic to elements of Qa Q Q- Therefore Q(tp) 
is asymptotic to \w n - dt AO', with [a/ 2 ] G A 4 (cf. (frTTj) and remark |2~T2"1) . This implies that 
dQ(ip) £ dC k 5 +l > a {A A ). 

9 : A 3 T*M — > A 4 T*Af is point-wise smooth, so by the chain rule 

Z 3 ^dC 5 fc+1 ' tt (A 4 ), ^-dety) 

is a smooth function. We need to adjust this map to obtain a function with surjective derivative. If 
(3 is a 3-form such that d*/3 G d*C s +1,a (A 3 ) then by Hodge decomposition (|5.6p there is a unique 
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Pe 6 Cg +1:U [dA 2 ] such that d* (3 = d*^E- We can think of (3e as the exact part of [3. The image 
of (3e under the projection Cg +1 ' a [dA 2 ] — > W in the direct sum decomposition (|6.6[) is the unique 
P(f3) G W such that 

d*[3-d*P{(3) G <Td(C£ +1,a (A2)el>). 

Definition 6.13. For -0 close to 99 in Z g let 

Fty) = P(*e(iP)). (6.9) 

-F(V0 is essentially a component of the exact part of *<d(ip), so dQ(ip) = =>• F(^/>) = 0. In 
order to show that the converse also holds, so that we do not 'lose any information' by considering 
zeros of F instead of ip 1— > dQ(ip), we need a simple algebraic lemma. 

Lemma 6.14. Let ip a G2-structure on M with dip = 0. Then for any vector field V 

dG{ip) A (Vjip) = 0. 

Proof. By [2H Lemma 11.5] there is for any G2-structure ip a linear relation between ir 7 dip and 
ir 7 d*ip (where the type component and codifferential are defined by ip). This implies the result. □ 

Proposition 6.15. For ip G Zq sufficiently close to ip, ip is torsion-free if and only if F{ip) = 0. 

Proof. By definition F(ip) = implies that 

*d&{ip) = d*dr/ 

for some ij G Cg +1 ' a (A 2 ) © D. We need to show that d*dn = 0. By integration by parts it would 
suffice to show that ix 7 d*dr\ — 0, but unfortunately there is no a priori reason why that should be 
the case. Nevertheless, if ip is close to ip then | [ tt-^ rf* ) | is small relative to [[d*d?y||, for if Vjip G A 2 
then 

<d*dn,Vjip> = <d*dr),Vj(<p - ip)> < \\d*dr)\\ \\ip - <p\\ \\V\\ = §||d*d»7||||^ - vIIIIVj^H 
by lemma [6. 141 Hence point-wise 

\\nrirdr,\\<§W-<p\\\\<rdr,\\. (6.10) 

On the other hand we can find a reverse inequality for weighted L 2 -norms: if we pick < 5' < S 
then there is a constant C > such that 

IM* ^[|^ > c\\d*dn\\ Ll (6.11) 

for any ij G L\ s , (Ay) D. To prove this inequality we use weighted Sobolev L\ s , norms, defined 
analogously to the weighted Holder norms in definition l5.ll Cg +1 ' a L 2 s , continuously for k > 1. 
Since ir 7 d*d : fl 2 (M) — > VL 2 (M) is elliptic [HI Theorem 6.2] (discussed on page fT3|) ensures that 

n 7 d*d : Ll 5 ,(A 2 7 ) (B D ^ L 2 S ,(A 2 7 ) 

is Fredholm. Therefore for a suitable choice of C the inequality (|6.1ip holds for 77 in a complement 
of the kernel of ?r 7 d*d. By integration by parts the elements of the kernel are closed, so (I6.11|) holds 
for all 77 G L\ s , (A 2 ) (B D . Combining the inequalities (|6.10p and (|6.11[) gives that if \\ip — f\\c° < 3C 
then d*dn = 0. Hence 

F{tp) = d<d(iP) = 0. □ 

Next we show that F : S — * W satisfies the hypotheses of the implicit function theorem. 

Proposition 6.16. F : Zq — > W is smooth with derivative 

DF^-.Z^^W, /3 ^(1^/3 + 777/3-7^7/3). (6.12) 

Proof. According to [TH Lemma 3.1.1] the derivative at ipo of the point-wise model O : A^(K 7 )* — » 
A 4 (M 7 )* is 

DQ Vo : A 3 (JR 7 )* -> A 4 (JR 7 )*, /3 ^ *|tti/3 + *7r 7 /3 - *7r 27 /9, (6.13) 
and the result follows by the chain rule. □ 



24 



JOHANNES NORDSTROM 



Proposition 6.17. DF V : Z\ yl -» W is on d(Cg +1 ' a (A?) © D) W^, and -id on W. 

Proof. For any V j*p G C* +1 ' a (A?) © D 

d**L>e v (d(^j^)) = *d(D6 ¥ ,)(£ V ¥') = *C v {dQ{p>)) = 
so .Di^c^Vji^)) = 0. The type components of harmonic forms are harmonic, so for any x S 
we have d*(|7Tix+7T7X— 7r 2 7x) = 0, and hence DF v (x) = O.lfn G then DF v (k) = P(—n) = —K, 
as P is a projection to FT". □ 

We have taken the pre-moduli space IZs near p to consist of the torsion-free EAC G2-structures 
in the slice S. We can, however, only prove that it has the properties we want close to ip. We will 
therefore repeatedly replace S by a neighbourhood of <p in S in order to ensure that IZs C S has 
the desired properties. The first step is to ensure that IZs is a manifold. Proposition 16 . 1 51 shows 
that if S is sufficiently small then IZs is the zero set of F in S. Applying the implicit function 
theorem to F : S — > W we deduce 

Proposition 6.18. If the slice S near p is shrunk sufficiently then the space IZs of torsion-free 
EAC G^-structures in S is a manifold. Its tangent space at tp is T^-cyi- 

6.6. Regularity. In order to use the pre-moduli space IZs to construct a moduli space of smooth 
G2-structures we require two regularity results. We show that if the slice S is sufficiently small then 
the elements of the pre-moduli space IZs C S, which a priori are merely Cg' a , are smooth and EAC. 
We also need to show that isometries of EAC metrics are EAC. To prove the regularity of elements 
of IZs we use a regularity result about solutions of elliptic operators which are asymptotically 
translation-invariant in a weighted Holder sense. 

Definition 6.19. A differential operator A on M is Ch a -asymptotic to the translation-invariant 
operator Aoo on the cylinder X x R if the difference between the coefficients of A and Aoo (in the 
sense of (|5.Ijl ) is C l $ a . 

The theorem below is similar to e.g. |19[ Theorem 6.3], and can be obtained from interior 
estimates like those of Morrey (22J Theorems 6.2.5 and 6.2.6]. 

Theorem 6.20. Let M n be an asymptotically cylindrical manifold, E a vector bundle on M 
associated to TM , and A a linear elliptic order r differential operator on the sections of E that 
is C s ' a -asymptotic to a translation-invariant operator with C l,a coefficients. If s G C$' a (E) and 
As e Cg a (E) then s G C l s +r ' a {E), and there is a constant C > independent of s such that 

H c jfr- < C (\\As\\ cl , a + || S || C o) . 

Now consider again a G2-manifold M with a torsion-free G2-structure <p, and the pre-moduli 
space IZs of torsion-free G2-structures in the slice S — exp(AT n U) C Zq for the 2?g-action at 
ip. We use theorem 16.201 in a boot-strapping argument to show that the elements of IZs are EAC. 
A priori they are G^' Q -asymptotic to elements of Qa- Like in proposition 16. 18l we can only work 
close to ip, and must replace S by a neighbourhood of (p in S. 

Proposition 6.21. If the slice S near p is shrunk sufficiently then the pre-moduli space IZs Q S 
consists of smooth exponentially asymptotically translation-invariant forms. 

Proof. We want to show that if ip G S is sufficiently close to p and d<d(tp) = then ip is smooth 
and exponentially asymptotically translation-invariant. Write ip — p + (3. 

D{d*dQ) v = ~dd* o (|7ri + tt 7 - ^27), 

so we can write 

d*dQ(p + [3) = -dd*(±Tn[3 + 7T7/3 - 7T27/3) + P{p, V/3, V 2 /3) + R(/3, V/3), 

where P consists of the quadratic terms of d*dO(p + (3) that involve V 2 /3, and R consists of the 
remaining quadratic terms. P and R depend only point-wise on their arguments, and P is linear 
in V 2 /?. 
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By the definition of the map exp (|6.7j) we can write (3 = K + 7, with k W , and 7 smooth and 
exponentially asymptotic to some element of Qa- As k is closed of type 27 

— dd*(^lTlK + ir^K — 7T27k) = Ak. 

Considering (3 and V/3 as fixed we can define a second-order linear differential operator A : £ 1— > 
P(/3, V/3, V 2 £). Then the condition d*dQ(ifj) = is equivalent to 

(A + A)k = dcP(f tti7 + 7T 7 7 - 7T277) - ^7- (6-14) 

If (3 — then A = 0, so A + A is elliptic. Ellipticity is an open condition, so A + A is in fact 
elliptic for any (3 sufficiently small in the uniform norm. 

Now suppose k is C s +1 ' a and is a solution of (|6. 14[) . R and the coefficients of A depend smoothly 
on k and Vk. Therefore A + A and the RHS of (|6. 14f> are (^'"-asymptotically translation- invariant. 
Since the RHS of (|6.14[) is decaying a priori it is C l s ' a . If (3 is sufficiently small that A + A is elliptic 
then by theorem 16.201 n is C l s +2 ' a . Since k is C\ a it is C l s ' a for all I by induction. 

Hence ip = cp + k + 7 is smooth and exponentially asymptotically translation- invariant. □ 

Myers and Steenrod [23) show that any isometry of smooth Ricmannian manifolds is smooth. 
We wish to generalise this, and show that isometrics of EAC metrics are EAC (in the sense of 
definition [2~19l) . 

We can think of the choice of diffcomorphism — > X x R + in definition 12.131 as defining 
a 'cylindrical-end structure', and of two such structures as being '<5-equivalent' if they differ by 
a rate 8 EAC diffeomorphism - then they define equivalent notions of exponential translation- 
invariance etc. The next proposition can be interpreted as stating that the cylindrical-end structure 
of an EAC manifold can be recovered from the metric. 

Proposition 6.22. Any isometry of EAC (rate S > 0) manifolds is C°° and EAC with rate 6. 

Sketch proof. By [2"3"), Theorem 8] the isometries are C°°, so we just need to prove that they are 
also EAC. 

Let M be a manifold with a Ricmannian metric g. We need to show that if for i = 1, 2 
Mi tQO C M have compact complements, and ^ : Mi :OQ — > Xi x R+ are diffeomorphisms defining 
cylindrical-end structures with respect to which g is EAC, then ^1 o is EAC. 

Consider the space R of half-lines in M, i.e. equivalence classes of unit speed globally distance- 
minimising geodesic rays 7 : [0, 00) — ► M, where two rays are equivalent if one is a subset of the 
other. We can define a distance function on R by 

d([7],M) = lim mfd{j{u),a(v)). (6.15) 

u — >OC V 

g is pushed forward to an EAC metric on X{ x R + by ^i. It is straight-forward to solve the 
geodesic equation in local coordinates to show that for each x £ Xi there is a unique half-line 
[7] such that the X-component of y(u) approaches x as u — > 00. therefore induce isometries 
Sj : R — > Xi. Then Hi o Sj" 1 is smooth by [2S1 Theorem 8]. If U is the ]R + -coordinate on Xi x M+ 
then grad(ti) — ^ decays exponentially as u —> 00 for each half-line [7] , so oty^ 1 is exponentially 
asymptotic to (x, t) 1— > (Si o H 2 ~ 1 (a;), t + h) for some /i£l. □ 

6.7. Constructing the moduli space. For each tp G X' s we have constructed a pre-moduli 
space IZs- TZs is a manifold, its elements are smooth and EAC, and its tangent space at <p is H^yl- 
We now want to use slice arguments to show that we can take the pre-moduli spaces TZs as 
coordinate charts to define a smooth structure on A4s- In [7] Ebin gives a very detailed account 
of a slice construction on a compact manifold. While the basic idea of the slice is the same, it is 
not so convenient for our purposes to attempt to extend Ebin's arguments to the EAC setting. It 
is much easier to study the charts for A4 + in terms of the projection to the de Rham cohomology 
which appears in the statement of the main theorem 13.21 

ttm : X + -» H 3 (M) x H 2 (X), V » ([<p], [B e (<p))), 

where we use B a ((3) + dt A B e (f3) to denote the asymptotic limit of an asymptotically translation- 
invariant form (3. 
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Wc first check that t:m is an embedding on TZs- If we allow ourselves to shrink TZs this amounts 
to showing that the derivative of ttm at tp is injective, and from the definition the derivative is 
plainly 

(ir H ,Tr Hte ):H 3 cyl ^H 3 (M)xH 2 (X), [3 hh- [\f3], [B e (j3)]). 

The kernel consists of harmonic, exact, decaying forms, so it is trivial. 

Recall from subsection 16.11 that we chose a pre- moduli space Q near the Calabi-Yau structure 
(f2, to) on X defined by the asymptotic limit of <p, and that Xq C X' s is the subset of smooth 
torsion-free G2-structures whose asymptotic limits lie in Q. T>q C T>s is the subgroup of smooth 
EAC diffeomorphisms of M whose asymptotic limits lie in the automorphism group of (f2,oj). 
Vq acts on Xq by proposition 14.51 and as an intermediate step for our slice result we prove that 
TZs is a coordinate chart for Xq/Vq. 

Proposition 6.23. The natural map TZs — > Xq/T>q is a homeomorphism onto a neighbourhood 
ofipV Q . 

Proof. Let Xk,Q be the space of torsion-free (^-structures in Zq. By proposition 16.171 a small 

/ 3 



neighbourhood of tp in Xk t Q is a manifold, and its tangent space at ip is d(Cs +1 ' a (A 2 .) ®D) ®H 3 



The first term is the tangent space to the X>g +1 ' Q -orbit of ip, so the derivative at (ip, id) of 

TZs x P Q +1 < tt -> Z|, (p,<j>)^<p*P 

is surjective. By the submersion theorem it is an open map on a neighbourhood of (if, id). 

Thus if U C TZs is a small neighbourhood of (p then t/2?g +1 ' Q is open in A^.g. If ip G TZs, 
G and </>*V> is smooth and EAC then <p is also smooth and EAC by proposition 16.221 

Therefore [/2? g +1 ' Q n Xq = UVq, and UVq is open in Xq. 

Hence TZs — * Xq/T>q is an open map. It is also injective, since 7r^vi is XVinvariant and injective 
on TZs- □ 

For our argument to work we may need to shrink Q by replacing it with a neighbourhood of 
(Q,uj) in Q. 

Lemma 6.24. If the pre-moduli space Q of Calabi-Yau structures is shrunk sufficiently then 
Xq/T>q is homeomorphic to a neighbourhood of pT>s in X^/Ds- 

Proof. The natural map / : Xq/T>q — > X' s /T>s is injective by proposition 14.51 

Let y be the space of Calabi-Yau structures on X. The construction of the moduli space of 
Calabi-Yau structures on X uses slice results similar to proposition 16.231 This allows us to define 
on a neighbourhood U of (f2, u>) in y a continuous map 

P;U ^C°°{TX)xQ, (/3,7)^(V,QV) 

such that (/3, 7 ) = (expV)*(fi',a/) for any (f3, 7) £ [7. 

Let X v = {ip G X' s : B(ip) e U}. If ip € X v let V = P(B(tp)), 4> = cxppV G P 5 and = 0*^- 
Then B(g(ip)) G Q, so ?/) G Afg. Obviously /(sO/O^q)) = V- 1 ^- Since / is injective 5 induces a 
well-defined map XuDg ~ > Xq/'Dq- 9 is an inverse for / on a neighbourhood of in A^/2?,5, so 
the result follows. □ 

Theorem 6.25. yVf^ /«zs a unique smooth structure such that 

tt m :Ms^ H 3 (M) x ff 2 (Y) 

is an immersion. 

Proof. Proposition 16.231 and lemma 16.241 show that for any cp G X' s the pre-moduli space TZs is 
homeomorphic to a neighbourhood U of ip T>s in A4s, and 

■k m : U -> ff 3 (Af) x iJ 2 (Y) 

is a homeomorphism onto an embedded manifold. To prove that we can use the maps TZs U 
as coordinate charts for Ms we need to check that the transition functions are smooth. But on 
an overlap U\ (~l U2 both charts define the unique smooth structure for which t:m '■ U\C\U2 — > 
H 3 (M) x H 2 (X) is an embedding, so we are done. □ 
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If Si > S2 > then Ms 1 — > .A4a 2 is injective by proposition 16. 22\ and .M^ must be an open 
submanifold of M.s 2 since ttm is an immersion on both spaces. Similarly A4s — > A / ( + is injective 
for any (5 > 0, so 

X + = |J X 4 . 

To finish the proof of the main theorem 13.21 it remains only to observe 

Lemma 6.26. For any S > the natural map M.g — > yV( + zs a homeomorphism to an open subset. 

Proof. We need to show that .Ma — > A4 + is open, i.e. that if U C A^ with C/I>5 open in A5 then 
is open in A" + . By the definition of the topology on X + this means that UT> + n AV is open 
in X$i for any <5' > 8. But proposition 16.221 implies that UT> + n AV = UT>s', which is open in AV 
since Ms — > M-S' is a local diffeomorphism. □ 

This concludes the proof of theorem E 



6.8. Properties of the moduli space. We look at some local properties of the moduli space 
A4 + on an EAC G2-manifold M, which follow from the existence of a pre-moduli space 1Z with 
tangent space TC 3 yi . 

Firstly, the boundary map B maps H^ yl onto Ti.su a, so proposition ^ . 2l implies that B : 1Z — > Qa 
is a submersion. As Qa is a homeomorphic to an open set in Ma it follows that B : M. + — > Ma is 
a submersion onto its image, and we have proved theorem 13.61 

We can now deduce corollarv l3.7l It suffices to show that the fibres of B : M. + — > Ma are locally 
diffeomorphic to the compactly supported subspace Hq(M) C H 3 (M). 

Lemma 6.27. Let if be an EAC torsion-free Gi- structure on M, 1Z the pre-moduli space of EAC 
torsion-free Gi~ structures near tp and Q the pre-moduli space of Calabi-Yau structures near B(ip). 
The map 

K -> H 3 (M), ip ^ [i>-<p] 

maps a neighbourhood of the fibre of B : 1Z — > Qa containing tp diffeomorphically to an open subset 
ofH 3 (M). 

Proof. If ip is in the same fibre as ip then tp — tp is exponentially decaying, so [tp — tp] € H^{M). 
The tangent space to the fibre at tp is the kernel of the derivative of the submersion B, i.e. the 
subspace Ti\ of decaying forms in Ti 3 yl — T V TZ. By theorem 15.101 Ti 3 = Hq(M), and the result 
follows. □ 



Finally, to confirm the formula for the dimension in proposition 13.51 we just have to compute 
the dimension ofH 3 cyl . Recall from subsection O that A m is the image of j* : H m (M) -> H m (X), 
that H m (X) = A m © E m is an orthogonal direct sum, and that the harmonic representatives of 
the summands are denoted by A m and £ m respectively. 

Lemma 6.28. Let M 4fc+3 be an oriented EAC manifold with cross-section X. Then A 2k+1 C 
H 2k+1 (X) has dimension \b 2k+1 {X). 

Proof. H 2k+1 (X) is a symplectic vector space under the Poincare pairing. In particular b 2k+1 (X) 
is even. * : H 2k+1 (X) — > H 2k+1 (X) maps A 2k+1 isomorphically to its orthogonal complement 
E 2k+1 . The Poincare pairing on H 2k+1 (X) can be expressed as < •, *• >, so A 2k+1 C H 2k+1 (X) 
is a Lagrangian subspace. □ 

In particular for any EAC G2 -manifold M with cross-section X the long exact sequence (12.41) 
for relative cohomology gives 

dim H 3 (M) = b 3 (M) - ±b 3 {X). (6.16) 
Lemma 6.29. dirnH^ = tf(M) + \b 3 {X) - b^M) - 1. 
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Proof. As before we let J5f = E 2 n Hg(X) etc. As a consequence of corollary 16.31 and theorem 
15.91 we find that tth ■ T^-cyl ~> H 3 {M) is surjective, and the kernel is mapped bijectively to Eg by 
*H,e ■ n 3 cyl -> iJ 2 (A). Hence dimW^, = 6 3 (M) + dim .Eg. 

The dimension of E 2 can be computed from the long exact sequence (|2.4[) for relative cohomol- 
ogy together with (|6.16|) . 

dim£ 2 = dimker(e : H 3 pt (M) -> H 3 (M)) = b 4 (M) - dim H$(M) = b 4 (M)-b 3 (M) + ±b 3 (X) 
By propositions 15.151 and 15.171 

dirndl = dim A 1 = ^(M), dimE 2 = dim A = 1. 

Hence 

dirndl = b 4 (M) - b 3 (M) + \b 3 {X) - b^M) - 1. □ 
7. A TOPOLOGICAL CRITERION FOR ffo/ = G 2 

In this section we prove theorem 13. 81 which gives a topological criterion for when the holonomy 
group of an EAC G2-manifold M 7 is precisely G2 and not a proper subgroup. As stated in corollary 
12.61 the holonomy group of a metric defined by a torsion-free G2-structure is always a subgroup 
of Gi- For compact G2-manifolds there is a known necessary and sufficient condition for the 
holonomy group to be exactly G2. 

Theorem 7.1 ([13l Proposition 10.2.2]). Let M 7 be a compact G^-manifold. Then Hol(M) = G 2 
if and only if the fundamental group tti(M) is finite. 

We summarise the proof, and then generalise the result to the EAC case. Note that all covering 
spaces will be presumed to be equipped with the Ricmannian metric pulled back by the covering 
map. In particular all covering maps will be local isometries, and all covering transformations are 
isometries. 

It is a consequence of the Cheeger-Gromoll line splitting theorem that any compact Ricci-flat 
Rlemannian manifold M has a finite cover isometric to a Riemannian product T k x N, where T k is 
a flat torus (of dimension k possibly 0) and N is compact and simply-connected (see [5J Corollary 
6.67]). So for a G2-manifold M let M be a cover of that form. 

If tti(M) is infinite then M — T k x N with k > 0, so Hol(M) C SU(3). Hol(M) is a finite 
quotient of Hol(M), so Hol(M) cannot be G 2 . 

If 7Ti(M) is finite then M is the universal cover of M. By the classification of Riemannian 
holonomy groups ('Berger's list', see e.g. [H Theorem 3] or fHil Theorem 3.4.1]) the only proper 
subgroups of G 2 that can be the holonomy group of a simply-connected Riemannian manifold are 
1, SU{2) and SU(3) (up to conjugacy). Thus if Hol(M) is not G2 then it fixes at least one vector 
in its action on M 7 . By proposition ^. 21 this implies that there exists a parallel 1-form <j) on M. Since 
M is compact and Ricci-flat <fi is harmonic. But Hodge theory gives an isomorphism H 1 — > _ff 1 (M) 
between harmonic forms and de Rham cohomology. M is simply-connected, so ^(M) = and 
there can be no harmonic 1-forms on M. Hence Hol(M) = Hol(M) = G 2 . 

To generalise theorem 17.11 to EAC G2-manifolds M we use that by proposition 15. 171 the space 
of parallel 1-forms on M is exactly TCq, and that by corollary 15 . 1 31 the natural map Hq — > H 1 (M) 
from bounded harmonic forms to de Rham cohomology is an isomorphism when M has a single 
end. Recall from theorem 12 . 2 1 1 that a Ricci-flat EAC manifold cither has a single end or is isometric 
to a product cylinder. We also need the following lemma. 

Lemma 7.2. Let M be a Ricci-flat EAC manifold. 

(i) if M has a finite normal cover homeomorphic to a cylinder then M or a double cover of 
M is homeomorphic to a cylinder, 

(ii) if %i(M) is infinite then M has a finite cover M with 6 : (Af) > 0. 

Proof. (i) If M is a finite normal cover of M homeomorphic to a cylinder then it is isometric 

to a product cylinder Y x K. M is a quotient of Y x K by a finite group A of isometries. 
The isometries are products of isometries of Y and of R (since they preserve the set 
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of globally distance minimising geodesies {{y} x R : y e Y}). The elements of A have 
finite order, so they must act on the R factor as either the identity or as reflections. The 
subgroup B C A which acts as the identity on R is either all of A, in which case M is 
the cylinder (Y/B) x R, or a normal subgroup of index 2, in which case (Y/B) x R is a 
cylindrical double cover of M. 
(ii) M is homotopy equivalent to a compact manifold with boundary, so ni(Al) is finitely 
generated. Since M is complete and has non-negative Ricci curvature volume comparison 
arguments show that the volume of balls in the universal cover of M grows polynomially 
with the radius, and this can be used to deduce that tti(M) has 'polynomial growth' (see 
Milnor [21] for details). A result of Gromov [SI Main theorem] states that any finitely 
generated group with polynomial growth has a nilpotent subgroup of finite index. 

So let Go C tti(M) be a nilpotent subgroup of finite index. Go is soluble, so the derived 
series G^+i = [Gi, Gi] reaches 1. Therefore there is a largest i such that Gi C tti(M) has 
finite index. Let M be the cover of M corresponding to Gi C 7Ti(Af). G^/Gi+i is an 
infinite Abelian group, so has non-zero rank. Hence 



b\M) = rk (^(MV^M),^/)]) = rk(Gi/G i+1 ) > 0. 



□ 



The lemma implies that if M is an EAC G2-manifold then one of 4 possible cases holds: 

(i) iri(M) is finite and M is homeomorphic to a cylinder. Then M is isometric to Y x R for 
some compact Calabi-Yau manifold Y 6 . The arguments in the proof of theorem 1 7. II show 
that the holonomy of Y cannot be a proper subgroup of SU(3). Thus Hol(M) = SU(3). 

(ii) 7Ti(M) is finite, M has a single end, and has a double cover homeomorphic to a cylinder. 
Then the double cover has holonomy SU(3), so Hol(M) ^ G2. 

(iii) 7i"i (M) is infinite. Then M has a finite cover M with b (M) > 0. M has a parallel 1-form 
by theoremOTStogether with proposition [5T7l Thus Hol(M) C SU(3), so Hol(M) ^ G 2 . 

(iv) ni(M) is finite and neither M nor any double cover of M is homeomorphic to a cylinder. 
Then the universal cover M of M is an EAC G2-manifold with a single end. The only 
proper subgroups of G2 that can be the holonomy group of a complete simply-connected 
manifold are 1, SU(2) and SU(3), so if Hol(M) is not G 2 then there is a parallel vector 
field on M. But b (M) = 0, so by corollary |5.13l and proposition 15 . 1 71 there are no parallel 
1-forms on M. Hence Hol(M) = G 2 . 



Hol(M) is exactly G2 only in case (iv) so we have proved theorem 13.81 Examples of the cases 
(ii) and (iii) are provided below. A future paper [16j will show that EAC manifolds with holonomy 
exactly G 2 can be constructed by methods similar to those used by Joyce to construct compact 
examples in [12], and that both SU(3) and proper subgroups such as Z2 x SU(2) can occur as 
the holonomy of the cross-section of such manifolds. In particular the converse to the following 
corollary of theorem 13.81 is false. 

Corollary 7.3. Let M be an EAC Gi-manijold with cross-section X , and suppose that M is not 
finitely covered by a cylinder. If Hol(X) = SU(3) then Hol(M) = Gi- 

Proof. Suppose that Hol(M) is a proper subgroup of G 2 . Then wi(M) is infinite, so M has a 
finite cover M with 6 1 (M) > 0. Let X be the cross-section of M. By proposition 15.161 ^(X) = 
2b 1 (M) > 0, so Hol(X) is a proper subgroup of SU(3). A is a finite cover of X, so it follows that 
Hol(X) is a proper subgroup of SU(3). □ 

Example 7.4. There exist EAC manifolds W 6 with holonomy precisely SU(3) (see Kovalev [T4l 
Theorem 2.7]). Then we can define a torsion-free G2-structure on the product W x S 1 as in propo- 
sitionEm] Of course Hol(W x S* 1 ) is not all of G 2 , but just SU(3). Furthermore ^(W x S 1 ) > 0, 
so by theorem 13.81 no EAC G2-structure on W x S 1 can have holonomy exactly G2. 

Example 7.5. Let Y C CP 5 be the complex projective variety defined by the equations ^ Xf = 0, 
^Xf = 0. Y is a complete intersection of hypersurfaces, so is a smooth complex 3-fold. As 
described in [13l page 40] the adjunction formula can be used to show that the first Chern class 
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c\(Y) vanishes. The Lefschetz hyperplane theorem, stated in the form [4l Theorem I], can be 
applied to show that iri(Y) = 1. 

Since the polynomials defining Y are real the complex conjugation map on CP 5 restricts to an 
involution a : Y — > Y. a is anti-holomorphic, and since the defining polynomials have no roots 
over M the involution has no fixed points. 

Let ufs be the restriction of the Fubini-Study Kahler form to Y. a*ujps = —l^fs- Since 
c\(Y) = Yau's solution to the Calabi conjecture [55] implies that there is a unique Kahler form 
uj in the cohomology class of uips such that the corresponding metric is Ricci-flat, making Y into 
a Calabi- Yau manifold. The cohomology class of u>fs lS preserved by —a* and — a*uj is a Kahler 
form defining a Ricci-flat metric, so the uniqueness part of the assertion implies that — a*to = uj 
(cf. [131 Proposition 15.2.2]). 

Pick a global holomorphic non- vanishing 3-form <f> on Y . a*<j> is also holomorphic, so equals X 2 (j) 
for some A £ C. Replacing <fr with \<f> we can assume without loss of generality that A = 1. Then 
ft = re<f> is preserved by a*. We can rescale fi to ensure that (fi, ui) is a Calabi- Yau structure in 
the sense of definition 12.91 

Now define a (^-structure on 7 x 1 by }) = Q + dt A uj. By proposition 12.111 ip is torsion- 
free. Let M be the quotient of Y x M by a x (—1). M has a single end and tti(M) has order 2. 
(a x (— l))*ip = a*fl + (— dt) Aa*u = cp, so ip induces a well-defined torsion-free G2-structure on M. 

Acknowledgements. I am grateful to Alexei Kovalev for many helpful discussions, and to Gabriel 
Paternain for useful remarks on theorem 13.81 
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